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Magnetic Moment and Virtual Dissociation of Nuclear Particle* 


By Gentaro ARAKI 


(Received Dec. 1, 1945) 


Introduction 


The strength of the interaction between a nuclear particle and mesons 
ig determined usually from the potential function of the nuclear force. In 
such a way one has to solve, for example, the deuteron problem. A more 
direct one may be to examine the magnetic moment of the nuclear particle. 

As is well known, Yukawa’s theory of meson,” as well as Fermi’s theory 
of the nuclear #-decay,® gives an unsatisfactory quantitative result to the 
magnetic moment. It is generally believed that, if this divergence difficulty 
is disregarded the surplus magnetic moment of the nuclear particle arises 
from its virtual dissociation emitting charged mesons. The former can ac- 
cordingly be represented by the degree of the latter. 

In the present paper this dissociation probability is estimated from a 
difference between absolute values of the surplus magnetic moment of the 
proton and the magnetic moment of the neutron, Its value is found to be 
0.113 almost independently of its explicit theoretical expression. This result 
suggests that the interaction of mesons with a nuclear particle is compara- 
tively weak. The cut-off hypothesis gives the constant of the pseudovector 
interaction between a nuclear particle and mesons~a value (°/Ac=8.9, 
which is irreconcilable with the experiment of the nuclear scattering of 
mesons “ 

The following calculation is carried out according to the pseudoscalar 
theory of meson, the constant of the pseudoscalar interaction being omitted. 
The absolute values of the surplus magnetic moment of the proton and the. 


* The content of this paper was reported at the Symposium of the National Reserch 

Council of Japan, on Nov. 1S, 1044. 

(1) Eg, HLA. Bethe, Phys. Rev. 57 (1940), 260, 390. 

(2) IL. Frohlich, W. lleitler and N. Kemmer, Proc. Roy. Soc. London (A), 166 (1938), 154. 
S. Ueno and 1. Kuze, Proc. Phys. Math. Soc. Japan, 24 (1942), 184. 
Z. Vamasaki and S. Uma, ibid., 207. 
G. Araki, Sci. Pap. I.P.C.R., 42 (1944), Lis: 

(3) C. F. v. Weizsicker, ZS. f. Phys., 102 (1936), 572. 
M. Fierz, ibid., 104 (1937), 553. 

(4) G. Araki, Sci. Pap. L.P.C.R:, 40 (1943), 311. 
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magnetic moment of the neutron are the same in the Schrédinger approxi- 
mations. One can find their difference only in the Pauli and higher 
approximation. In the present calculation all the terms in the Pauli appro- 


es : 3 
ximation are completely taken into account.‘ 


1. Hamiltonian of a nuclear particle 
in a static magnetic field 


The transition from a state A to a state /, which is different from 4, 
of a quantum mechanical system, described by a Hamiltonian #/, is deter- 
mined by the following materix-elements : 


eS | Ha [ Ad = )(I WANES 1 ArH 
(1 OE, Tea EE, 


be Hey Ayr, <)te 
fr(Ey —E,) (EE 


where all the diagonal elements of unperturbed part of H are omitted from 
the summands, and the sum of such a kind that the donominator of its 
summand approaches to zero is excluded. #, and Ay, are eigenvalues of a 
unperturbed Hamiltonian which can be taken arbitrarily if the degree of the 
approximation is left out of consideration. 


The Hamiltonian of a system, which consists of a nuclear particle and 
charged mesons in a static magnetic field, is given by 


HSH2H" + Hea PbO? neat e peeenoaes) 


where H” and 7” are energies of an isolated nuclear particle and isolated 
mesons respectively, 7” and ” are respectively interactions ‘of a nuclear 
particle and mesons with a magnetic field, H”" is that between a nuclear 
particle and mesons, and /7”"* is a mixed one between a- nuclear particle, 
mesons and the field. 

If all the matrix-elements are represented with respect to eigenstatés 
of H"+H™, and if there is no meson in the states 4 and F, the terms 
having a factor ef? in the expression (1.1) are 


(5) A calcudation in such an approximation was. carried out by the present author (G. Araki, 
1. c.). This result is, however, insufficient for the purpose of the present paper. 
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U® = re Hy Hix 

a (Ey ae E,) (E;—E,) (a) 
: pS ho ea He + Hime Hue jo ee 

Ue =< FI TI+iIa A4ivil ITA 1A b 
PAS 2 (En— E,)(Er— Ea) ) 


: 2 pame + HyemeArm 

SLRs | 2 FI tia wr SATA ‘ 

FA Sees eee an (6) 7 DIM..ca whe (1. 3) 
rie : Hit Hin } TA. d 

PA (a(Ep —E,) (Er— E,) (4) 

(6) -— _. Fyre mol NEL i F 

FA ra 2 (= E,) (e) 


where ¢ is an elementary positive charge, fis a constant of the pseudovector 
interaction between a nuclear particle and mesons, / (or /’) and // denote 
the states in which one and two mesons are present respectively. Let Us 
v®, U®, U® and U® be the operators which have respectively the same 
matrix-elements as (1. 3) (a), (b), (c), (d), and (e), with respect to cigen- 


states of H”. Their sum 

Ui UO UO 4 UG UM UO ress enntse nae ser ue ints (1. 4) 
represents an additional energy, which arises from the virtual dissociation, 
of a nuclear particle in a magnetic field. . 


2. Theoretical result 


As will be shown in the later section, if the terms, which vanish when 
they operate upon a wave function of a rest nuclear particle, are omitted, 
the operators U™ (4=1, 2, 3, 4, 9) are, in the Pauli approximation, given 


as follows: 


f ‘ 
Um = et rot A (k= AE 2, 3) (a) 


_ 


UO= Wp a trta rot A (b) 
U®=W uenyat tre rot A (c) | 
eae (2.1) 
ree =a —- 1)Wp (a) 
oof BBL] 
pO = {4-+2(2) }Wo (f) 
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where A is a vector potential of the magnetic field, # and J are masses 
of a nuclear partiele and a meson respectively, and @ is the Dirac matrix 
(vector) of the nuclear particle, 7, t2, Ts are the charge operators of the 
nuclear particle. The neutron state belongs to the eigenvalue +4. ofc. 
denotes (7,+ #72)/2, and cf is its adjoint. tftr and trf are the projection 
operators to the proton and the neutron states respectively. Wy is the dis- 
sociation probability of the nuclear particle virtually emitting a charged 
meson, p/c and & are respectively the momentum and the energy of the 
latter, and the bar means the average regarding the dissociation states, 
Using the relation ccf} —ctzt =ts, we have, from (2. 1) and (I. 4), the 
magnetic energy operator as follows: 


en 4 Bal .” 5 
le Sure tere t 3 Wp ce ') a rot A, (a) 


Henle oe #2 Hye y- 3 {We ) 


In this expression “zp represents the surplus magnetic moment of the proton 
in nuclear magneton units, for crf is the -projection operator to the neutron 
state, The magnetic moment of the neutrom is; for the same reason, given by 


oN aa (1% 9 


(The exact formulas of fp, #y and MW, are given in the note added in 
proof in p, 11.) 


Bere) 


3. Comparison with experiment. 


The experimental values of wp and wy are given by™ 


p= + 1.785 


ES 35 (in nuclear magiietons), ...25..cseeee ee (el 


The theoretical result (2. 3) agrees qualitatively with these experimental 
values, since ]V, must be positive and small compared with unity. The 
adequacy of our approximation can be seen from the following considera 
tion, if we assume the correctness of the general theory. 

From (2. 1) one finds that UV, U™ and U® vanish in the Schrédinger 
approximation, The difference between absolute values of the: surplus 


(6) L. W. Alvarez and F. Bloch, Phys. Rev., 57 (1940), 111 
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oO ae si, ; ‘ . 
magnetic moment of the proton and the magnetic moment of the neutron 


(4) 5 . 2 . 
arises from U and U®, which can differ from zero only in the Pauli and 
higher ay, imatic Her > Schridi imati 
ch reas Here the Schrodinger approximation means_ the 
Se of degree zero of the power serics in 1/M and the Pauli approxima- 
tion. the zeroth and first degree terms. 


The ratio of the difference to the average, of the absolute values of 4p 
and py, is, from (8. 1), given by 


&: | EN |— pp _ 0.150 
(exltpe)/2 1.860 


5 fee ee Ree Bon eee (3. 2) 


The smallness of this ratio suggests that the power series in 1/47 converges 
rapidly so that the Pauli approximation is satisfactory. The value of the 


dissociation probability of the nuclear particle is obtained from (2, 3) and 


(3.1): 
a ; 
VW p= ae Vint He) == 0.113 TR Ee PI OO OEIC OCA es ko NOD (3. 3) 


The smallness of this probability implies that the interaction between a 
nuclear particle and mesons is weak so that our perturbation method has a 
significance. 

We shall next consider the distribution, with respect to the momentum 
p/e of a virtual meson, of the dissociation probability, When the maximum 
point Z,, of this distribution is near pe’, the equation (2,2) gives the value 
3.6 to the average of (we2/py. In case pp <pc’ this value becomes 1.8, and 
in case ~P_> ypc? the average value of Mc*/E is nearly equal to 12, by the 
same equation, The maximum of the distribution may therefore be at the 
point slightly less than pc’, We may estimate a decrease, due to the above 
mentioned virtual dissociation, of a self-energy of a nuclear particle at about 


0.1 pe, for it is given by AIV,, 


4. Cut-off hypothesis 


We have compared the theory with the experiment disregarding the 
explicit expression of the dissociation probability in the preceding section. 
We shall now consider this explicit expression. In the present theory, this 
includes the divergent integrals. If we adopt the usual cut-off hypothesis, 


fe and Wy, as the functions of the cut-off momentum rye, are given by 


®. 
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TP — D(a) — a (a) 


eae mas oh scat ee eee (4. 1) 
Wee ee (b) 
hic 
where ? 
Mx)= oo) (a). 
M wax * aidx = tdx ion 
F=  aae  e livie © f 2 
oe be ee: pe(* atde 
aa Vig? M \, Cee (c) 


Substituting (3, 1) and (3. 3) into (4. 1) (a) we have the equation foi the 
cut-off point a: 


OA) = 106.8 425 asec ne ae (4, 3) 


This equation is numerically solved, using the value M=10y,. Its root is 
+=U.8, The corresponding value of G (x), evaluated by the numerical ‘in- 
tegration, is equal to 0,04, Inserting this value and (8. 3) in (4. 1) (b), 
we obtain the value of the interaction constant : 


This value is never reconcilable with Wilson’s experiment of a nuclear 
scattering of mesons.” Of course the inadequacy of the cut-off hypothesis 
may be evident fromthe outset, and the discrepancy must closely be related 
to the general difficulty which prevent us from any consistent treatment of - 
the quantum mechanics of the field. Nevertheless a qualitative agreement 
of the theory with the experiment is seen in the previous section. 


5. Interaction energy 


Consider a quantum mechanical system consisting of a nuclear particle 
aid mesons in a static magnetic field described by a solenoidal vector 
potential A(x). The whole system is assumed to be enclosed in a suffici- 


(7) J. G. Wilson, Proc. Roy. Soc. ears re 172 (1939) 517; 174 (1940), 73: 
F. L. Code, Phys. Rev. 59 (1941), 2 : 


G. Araki, Sci. Pap. LP.C.R, 40 ‘iat 311. 
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ently large cube V of an edge length ~“V. The interaction energies in 


(1. 2) are respectively given by 


H”*==—rtrepoA | (a); 
eps pA,» (-+ + 
“ é Base _{(al—b_s ay —b_pi)— i} (b) 
nm a 1 
A =e e3 saab Epy(za!,+ cb! )e* + its adjoint (c) Cr 
x V PVE 
Heme. £ Loa,/ 2S: 2 =i rt cal + +c! bbe-ips/te + its adjoint (d) 
where 
Be wiyfettp SULT: ie, a ek Dt (5. 2) 
E Vv pc +p” 


and A,,, is a matrix element of A between the states of momenta p and 
‘p’ of the plane wave. The other notations used in these expressions are 


all usual. 


6. Calculation of magnetic energy operator 


We shall now explain the method of- the calculation of the matrix- 
elements (1. 3). Let the momenta of the nuclear particle in the states A 
and F be denoted by p./c and p,/c respectively. We expand the expres- 
sions of (1. 3) in powers of #. The terms of the w-th power of pp (v=1 
2, ...) in this series correspond to that of the #-th power of the component 
of Y in the operator VU. These terms can be omitted since they vanish 
when U operates upon a wave function of a rest nuclear particle. This 
omission is equivalent to put #,=0 in the expressions of (1. 3) from the 
outset, 

The summation over the intermediate states with respect to the spin 
and the charge can be carried out by the Perseval identity according to the 
well known method of Casimir. If the spin and the charge states in A and 
F are left arbitrary, the matrix elements 7S (=1, 2,°3, 4) are given by 


(8) The. explanation is given in G. Araki, Sci. Pap. I.P.C.R., 42 (1944), 1138. 
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UY, = al eh sia (PA, ,;0)(P9 + Pid — Fe pd G(pe Epi) aaa (a) 
Bivo,  ese oe V 2 EE’2MeE— Fey OMeT — (FC *—2pp.—pi) 
spel ESI pAaa Moe BEPC OM DCT) 
Upto Fe ap (PA) EEE ER! + We Me) OMCE =p") 
is (ps — Ep,)2.(po— pit + Er) 3 (b) (6.1) 
EE”(E+E”) 2M°E—pic'— 2pp:+ p)) 


| 
[ee (pa— Ep, Di (po— Ep, )2i(¢Ay 50) | ( )| 


Ue = é : ae oy x oT 2 4 € D ic | 
pipe Ps VS BQMCE=p e B(2Mc'E— pic! —2ppit pi)! | 
Qe eno, tai 20 al (po— i Pi)! AG Popo) (pa Ves) (d)) 
Upto = — Te WF UROM EH — pec OMe — jec*—Dpp, +p?) 
where 
2= —pop,+ Mc’o,+Mc?—E 
2’ == — pop, + Mc*p,4- Mict Sn" Fe Soh. enees epee eee (6, 2) 
2,=(p,—p)ep, + Mc’p, + Mc? — E 

and 


It is sufficient for the present purpose to consider the terms which have 
an effect on the first degree terms of 1/47 and ¢ in the final result. We 


can consequently put p,=l and o,f,=—7p,=f,. An isolated p, is the first 
degree term of 1/M. The expressions (6. 1) are thus reduced to 
uur @ oa = 28S {PA rire)" ( 2QMc? — Epp: + plop, ]) +2Mc* (p —E Pa) (2) 
Ee VD EE/2MCE — p’c*) (2Mc’E! — pc! 2pp,— p') 
29 2 
Ute 9 SPA ne) eae We oy 


4. 2Mc* -E- Ee’ )iplop, |+2Mc?E(p,- Bea ep -(2Mc?+E- E’)ppitEpi+sicik’ b) 
EE“( E+E )2MCE= p'c'—2pp,+ pi) tt 


Ue = Pn Fi (Ee, =p) + Epis oA in Oey 2Mc* (cA 1 oMpa) 
EPS a 2 E(2MCE—p'c rt eee We eT E(Mc iia i) AG Ie 


p 


2Mc*xf a + (pr) (PLA pico?) — (09) (P[PiArivo]) +244°C'PA pips} (a) 
E(2Mc’E — pct) (2Mc7E — pc*—2pp, + p’) 
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When these expressions are expanded in powers of p,, each term of. this 
series is represented by a sum with respect to p. ‘The summands can the- 


refore be replaced by their averages over the direction of p. If we denote 
such an average by a bar, we have 


pA=0 = 1 a (a) 
(pA) (pB)=-3- p(AB) | (b) 
PANBBOCIS 0 @f & 
(pA)(pB)(pC)(pD)= |; p'{(AB)(CD) + (AC)(BD)+(AD)BC)}(¢) 

ete 


Many terms of the series vanish as a result of this average, and three kinds 
of terms having one of the factors piApipo @[P:Apro) and ¢Ap.p. remain 
there. 


On account of the Hermitain property of the momentum operator and 
the solenoidal property of the vector potential, the factor of the first kind 


can be transformed as follows: 


be 
PA piro=PoAguea tS (Aiv A)pipy=PrApiposssreits vr (6 8) 


This has a factor p,. The terms of the first kind are accordingly removed. 


By the same reason we can put 


i Anrol= (rot 19 eka eae dat Se Sem (6, 7) 


“We have now only two kinds of terms having either a factor a (rot A)pros 
or GAgip The ‘nother factors of these terms have, either the zeroth or the 


positive powers of pi. The latter satisfies the following indentity : 
pia(rot A) p:po= (PoP) a(rot A)p.n0 5 (peg grad {o rot Aire (a) 
(6. 8) 
ch 
DITA ipo = (PoP1 (FA: o) ae ——(Po grad {cA hee (b) : 
for the magnetic field is external and its vector potential satisfies the Laplace 


equation. These terms can therefore be all omitted. 


The matrix-elements (6. 4) are thus reduced . to 
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9 9 E i 
Kf” Dt, pa (OMe 4 2pic! wat A Ay aca .} 
Uniro= Ta vt 3p t she ie Bie a (ro )prx 3 (1 Pir 
2 fi, 2m Ss Dake: fC et Piyieby Rex « 
Upire= oe ae ale BE oe 3 /2Mc ( Jespo (6. 9) 
: eT Or ely ee Dire \ eu * | 
UB = ee SY (set ES sie (ot Adem eA ne 


ef ten ee eee 
Ustre= ete Vy Spr a OMe At Are 


Finally the matrix-elements Uj, is 


U®_,=rttWyepitAvoine bc BPE hand Rane ae cso waa ee ee ee (6. 10) 
where 
Wed PE AAL . nougt it anee 1 ca 


(Er— F,) 


is the probability of the dissociation of a nuclear particie virtually emitting 


a charged meson. By the above mentioned method the latter is reduced to 


Wp= ae 7 =P(l 


oe Uys Oe at Sa ae ge (6. 12) 


From (6. 9), (6. 10), and (6, 12) the operators U® (£=1, 2, 3, 4, 5) 
are represented in terms of Wp, as follows: 


ZeNic* et fi 1 
| 3 = — 3 \W, joe 7,0 rot A — 3 Wr0,7A (a) 
‘ 2 ic eo 2\ 2 ell fi : 


UR {-5 Cp) * +3(4 be. lw D afl Seay WoyrepcA (c) G12) 


Us = oars trforotA (d) 
Us = Wortrep, oA (e)! 


where p/c and E are respectively the momentum and the energy of a vir- 
tual meson, and the bar denotes an average over the dissociation states. 


In the Pauli approximation the expressions of (6. 13) are just the same. with 
those of (2, 1). 
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Note added in proof. Prof. M. Kobayasi points out that the higher degree 
terms in 1/J/ may have some effective contribution. The exact calculation 
shows, however, that this is not the case. -The result of the exact calcula 
tion completely reserving all the terms proportional to / is as follows: 


? <i ar ~ 1 oe M gi oe 9 fe Roe 2 
so, eye eS Si a Sal 
( 2ME 
eet Gira =) 24 ae 2 ‘ 
a fe P <cedncen +h )ire 
fon ny iS, aa 
Px t+ fe= ee v= re % a. f Euc’) 
IM 
* dele 
Wee She a aE y (p°+Ketc') 
“\. . 2ME- 


This result just agrees with (2.2) and (2.3) up to the first degree in 1/M. 
The higher degree terms have no effective contribution, whether the cut-off 
point is nearly equal to or greater thak pc’. 


Institute of Iridustrial Chemistry, 
Kyoto Imperial University. 
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By Yasutaka TANiKAWA 


(Received Dec. 10, 1945.) 


l. Introduction 


Dirac has anticipated, in the quantum theory of fields, an existance 
of the generalized transformation function (g.t.f.) whose square of the 
modulus can be interpreted as giving the relative a priori probability of 
specified results being obtained when observations are made of the field 
variables at all points on any closed boundary surface (three-dimentional) of 
a region in four-dimentional space-time. 

In connexion with the well known difficulties existing in the theery of 
the elementary particles, those associated with an infinite self-energy of an 
elementary particle and the diverging cross-sections of the elementary pro- 
cesses etc., Yukawa™ pointed out again the importance of the conception of 
Dirac’s g.t.f. and has done closer considerations about it. . 

Recently Tomonaga® has shown that by means of his new formula- 
tion of field quantum mechanics, the so-called ‘super-many-time-theory ” 
being a generalization of Dirac’s “ many-time-theory”” in the field theory, 
the g.t.f. can exist in the special cases concerning the regions of space-time 
bounded bv two (three-dimentional) surfaces, each extending to infinity in 
the space directions and lying entircly outside any light-cone having its 
vertex on the surfaces. These two surfaces may be separated completely 
er partly in finite numbers-of regions, 

Then it would scem desirable to take up-the questions of whether or 
not we can really expect the existence of the g.t.f.'s for regions bounded 


by any surfaces in space-time as Dirac expected, and that if they are ex 
pected, in what meanings they can exist. 
ee eee eee ee 

* This paper was read before the symposium of the National Research Council of Japan 


held on Noy. 18, 1944, the printing was however delayed owing to the circumstances in 
the war. 


Q) FP. A. M. Dirac: Phys. Zs. d. Sowj., 3 (1933), 64. 
(2) UH. Yukawa: Kwagaku (in Japanese), 12 (1942), 251, 282, 322. 


(3) S. Tomonaga: Riken-Iho (in Japanese), 2 (1943), 545; Prog. Theor. Phys. 1 (1946), in 
press. 
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2. The g.t.f. in the quantum mechanics of particles. 


We shall deal first in this section with the problem of -quantum 
mechanics of particles in Order to solve the one proposed in the preceding 
section. 


Let us suppose a complete set of dynamical: variables, a complete set 
of commuting observales in Dirac’s notion ; 


CoN PRR? ER PR BS 

As wellknown, the transformation function $(y7/g:) connects the two 
representations with the dynamical variables g,=(@u, 92) +++ Gu) at time 7? 
diagonal and the some dynamical variables gp=(Qiz, Gor -'+s Geq)_at tigie dy 
(7>2) diagonal respectively, and its square of the modulus |¢(gz\g,)|" is usu- 
ally interpreted as the probability of an observation -of the variables at the 
later time 7 giving the results gy for a state for which an observation of 
the variables at the earlier time ¢ is certain to give the results ¢/. 

As Dirac already pointed out, we can alternatively consider |P(gr"\gr)|’ 
as giving the relative a poriori probability of any state yielding the results 
gf and g/’ when observations of the g’s are made at time f¢ and at time 7 
(account being taken of the fact that the earlier observations will alter the 
state and affect the later observation). This latter interpretation. is founded 
on the fundamental assumption ,of- the quantum observations which states 
that the preparation of the state in which the g's have certainly the values 
g’ is the same operation as the observation by which we obtain for the g's 
the values ¢,/’. 

The transformation -function ¢(g¢’\g/), considered as a function of varia- 
bles g7’, is a solution of Schrédinger’s equation 


its? Maal = Dg gk WR HP) oer cree (1) 
qr’! 


with the initial condition bg g/\=8 yng at time T=4, where 1 is the 
Hamiltonian ‘operator of the system. The solution of the equation (1) may 
be written in the form 


(gr | qi =(4¢2' | XT— Cae Jee caanbe Oe Pe ee (2) 


where D(7—?) represents the transformation opgrator which transforms the 
state-vector #, at time 7 to the state-vector #p at time 7: 


{p= DY dt A), 
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~e. the transformation function $(g7"|9/) is given by the matrix element of 


the mixed representation of the transformation operator D(Z— *), whose rows 
and columns refer to the g7’’s and the g,’s. As previously stated, we can 
interprete the square of the modulus of the transformation function $(9,""|9/)= 
(g7"| D(T—2)| ¢/) as the relative a priori probability “of any state yielding 
the results g/ and gq,’ when observations of the g’s are made at time / and 
at time Z. This form is, however, refered to the special representation 
chosen and therefore it seefs to be not in a suitable form for such an in- 
terpretation. Then we shall try tovrewrite the transformation function 
$(92"| g/) in a form suitable for it. 

Let us denote by Mg/ and J/g’ the observation-opeators belonging to 
such observations that we obtain the results gi and gr’ when observations 
of the g’s are made at time ¢ and at time 7, the observation-operators Mg 
are Hermitian operators : Md = Mg, and satisfy My”= M¢ and therefore have 
the propervalues 0 and 1. The operators Md mean that we represent a 
state-vector in the complete normalized orthogonal system belonging to the 
operators g and take out only the part depending on the proper values ¢’ 
of the q’s. 

As the result of such a observation, any state changes to the state 
transformed by the transformation operator : 


Talal bdad' dh EDM g lasidae ni diate oh) tor ores (4) 


Let us denote any representation of the transformation operator 7(g7" 
g!) by (Q"\ T(g7"g/)| G’), then we have 


> | (Q”" May) O') Kapaes (Q'| T(ax'g!) | QO") (Q"| Ngd'gl) OQ’) 


Trace T(g7'q/) 1 ggl gf mead V2 2 Oi, Ge) Fai anit bemialis vv ncitanes (5) 

where we used the Ilermitian property of J/g’ and the relation DT. — Z) 
=D(t—T) as is easily verified with thé help of (3). The equation (5) holds 
independent on the representation chosen. We may consider 7(¢/"¢/') asa 
function of parameters g,’ and gz’, we would, therefore, call Z7(g7"q/) itself 
he generalized transformation function (to call the generalized transformation 
operator rather may become it). 

Suppose we take between the time interval ¢—» 7 a sequence of inter- 
mediate times 4,(s=1, 2...) : 

Penan< oy =si,4. 79 

and denote by 
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Mz! , Mq./; MQ. ; sees , Man; Mg, 


the observation-operators belonging to the observations by which we obtain 
the results 


Ges Van's Qa y rere » Yiny Ur 
of Ges Gers Peay 0+ » Yiny Gr 
respectively. In this case the above defined g.t.f. can be given by 
T(¢0 Qn!» Gu! 9?) = Maz D( T= th) Maen!» Mgy! D— 0) Me! . (6) 


The relative a priori probability of the sets of the dynamical variables 
9m Yins «+1 Iu» G Having the sets of the values Ga hqek mre ere ngicevben 
observations of the g’s are made at each time 4, 4, «.., 4, TZ will be 


Trace 11qq> Guc-*-i» Je) l(Gr Gn Ger Ge) 
a (gr dD T— tr) | Jin’) (Gen | D(tn—tn-1) | Gnas) X ives 
1 & (Guel| D—4)| Gn!) (Ga"| DiA—2) | 90) Pe eveeerereee (7) 


Our foregoing g.t.f. can easily be generalized to the cases in which 
the g’s are not a complete set of dynamical variables and also @%, Yas «+5 
Qunsig mare, the different physical quantities.° For an example, in such a 
case as a complete set of dynamical variables can be formed not only out 
of g, but also together with 7, when we make observations only about the 
g’s as above mentioned, we get the expression (6) of the g. t. f, but the 
relative a priori probability of the g’s yielding the set of results Oe Ue pas 
Qu, g¢ is given by the expression 


Trace Tg1! gun! +-9a!s 9) M92 Gen! 9n'V) 
== > | ps (q7rrr| DT— tn) | Gin Vin) CP D(tn—-tn—1) | Tent eet) x 
vA 


rps ? ta,-¢°0/ tn 


1X (Ges Mea | Dt th) | Qu'tn') (Gu! %a!| Dad | itd) Ferree (8) 


Finally we shall consider the significance of the g. t. f. According to | 
the relativistic sense of the quantum state the change of the state can take 
place only when we made an observation for the state. The above defined 
g.t.f. may be considered as connecting the two different states in the rela- 
tivistic sense. Let us represént a state in the relativistic sense by a symbol 
W and a state in the ordinary non-relativistic sense by a symbol ¢. The 


relation between Y and ¢ may be given as follows, A_ relativistic Y is 


(4) F. Bloch: Phys. Zs. d. Sowj-, 5 (1934), 301. 
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defined by the non-relativistic states which are represented by ¢, at time 7 
and by ¢,=D(7—4¢, at any other time 7. By the observations of the 
gi’s and the g7’s for the state WY, the state of the system will change from 
W to the state Y’ which is completely determined -by the corresponding 


non-relativestic states represented by 
b= D(t— 1) Mad! D( T-0) Mg! at time ¢ 
and 
(bg = D( Tt) = Map" D(T— Mgt 
= Mg)!’ D(T—1) Mg! Dt— 1) Pr at time Z. 

For the state * we obtain certainly the values g/ of the g's at time 
t and the values g,/ of the g,'s at time 7. The g.t.f. Tig7'g/) should -be- 
completely defined as transforming a state ¥ to such a state ¥Y’ as above 
defined. When we, however, consider the quantum states in the non-relati- 
vistic sense, the explicit expression of the g.t.f. Z(gr"g/’) is determined only 
but the arbitrary factor D(z). 

For 7(97'9/) we may take Mg/’D(T—2)Mg/Dt--T), D¢— T)Mg'D 
(T—2)Mp! or generally D(t’— T)Mgp'D( T—1)Mg! D(t—7) in place of Moz" 
D(T—2)Mq/. It is easily seen that taking any one of them for 7 2 as 
Trace Tigz’¢/)Taz''g) has the same value. 


3. The g.i.f. in the quantum theory of fields. 


The preceding section included all of the fundamental and necessary 
conceptions as well as the mathematical formalism of the g. fs... nrthe 
quantum theory of fields we need only a formal extension. In place of 
Heisenberg-Pauli’s theory for the formulation of the quantum theory of fields 
we shall take here Tomonaga’s theory (the super-many-time-theory) which 
seems to be the more general! and fundamental one than former. 

For simplicity, as represented in Fig. 1, we shall think in space-time 
a closed surface AA/BS’ which consists of a bottom of the space-like surface 
AA’, a lid of the spacé-like surface 24’ and a side-wall of the time-like 
surface ABA'S’, although the following argument may be applied in. the 
same line also when the closed surface is of any shape. Let us take any 


surfaces Cy, and C, including the surfaces 4A’ and BS’ respectively and a 
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sequence of any intermediate sur- 
faces C,(i=1, 2, ..., ») between 
C, and Cy, each extending to 
infinity in the space directions and 
lying entirely outside any light- 
cone having its vertex on the 
surface. We shiall represent the 
closed lines (two-dimentional) be- 
ing the intersections of the C's 
(GH 2 fears, #)oavith .theyside- 
wall of the time-like surface A- 
BA'B' by A,A phased, oe oc. Shige Lee iS Cente: DY Mo'(AA’'), Mu'(A,A/) 
(¢=1, 2, .,., ~) and Mv’'(BB’) the observation-operators belonging to such 
observations that we obtain the specified results v/(AA’) of the field variables 
WAZ’) = (v,(AA’), v,(AA’),...v,(4A4’)) on the surface AA’, v!(A,A/) of the 
0(A,A/)’s on the closed lines tA, Ad (f152, «2. ,92)-,and).7/ (BB) sot the 
wBB’)’s on the surface BB’ respectively. The g.t.f. for the region bounded 
by the closed boundary surface C, which is interpretable as the amplitude 
of the relative a priori probability of the results o/(C) =0/(AA')+0( ABA’. 
B’) +v'(BB’) being obtained when observations are made of the field varia- 
bles :2(C) = 7(AA’)+0(ABA'B’) +x(BB’) on the boundary surface C, is now 


T[v'(C)]=lim Mo!(BB’) T[ Cys Cys] MALAI) X ooo 


xX TG; G) MAAS) TG; Ca] MAA). (9) 
where 
BE = Chis li(i-4H id) Phi teas nia Tet AR (10) 


is the transformotion operator in Tomonaga’s theory, corresponding to 
D(t,—t,1) in the preceding section transforming the state-vector ¥ [C4] on 
the surface C,_, to the state-veetor ¥[C,] on the surface C;: 


4 ciao es i NR) RR ON AOE (10’) 


H’ represents the scalar density of the interaction energy, dv is a four- 
a 


dimentional volume-element bounded by two  space- -like surfaces and ff 
5 


means that we divide the region between the surface C,_; and C, into the 
very small sub-reglons of dw’s and make the repeated products of 


(I-44 ‘dw s progressively according to the time-order. 
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The relative a priori probability of the field variables 7(C) yielding the 
distribution of the values 2/(C) on the surface C may be represented by 
Trace, Fhal(CylT (aC y+» -.ntalaeeeoretivne se tiae 2h “Rene (11) 
Here, Trace means however only an abstract symbol and it is impos- 
sible to write the expression (11) in the form of the diagonal sum of the 
matrix in any suitable representation in the same. manner of (5) or (7) in 


the ordinary quantum mechanics of particles. In order to express the equa- 
tion (11), in such a manner, it is at least necessary to replace the continu- 
ously infinite freedoms of the field variables by the numerably infinite one 
by means of some methods.©° 


Wai 


C RP 
ct ane ws: 
eat es || Ge “se és C 
B: we bch 
ee ce Se PT ee e 
Cr jaketiele [ sual 4 4 
sg Bes heey, -— > x 
s Hig. 2 Fig. 3 


For special cases, if we consider the distribution of the values of the 
field variables on the surfaces as represented in Fig. 2 or Fig. 3° ~ 

C=C,+C, (both of C, and G are the space-like surfaces extending to 
infinity), the relative a priori probability of the v@C)’s having the values 
v'(C) will be 

Trace FLMC) TIO V(B)ITIG, G]le(Po? (2) 

where P, and P, are the parameters of the movable points on the parts of 
C, and G where they are separated to each other. Thus the expression 
(12) agrees with the result being already obtained by Tomonaga.™ Even in 
the case of two space-like surfaces C, and C, completely separated to each 
other in all space-time, as shown in Fig. 2, we may consider two surfaces 
as being connected at infinity and forming a closed surface C. 

Finally we shall examine the composition law of the g.t. f. T[v(C)]. 


(5) P. A. M. Dirac: Principles of Quantum Mechanics. Ist ed. 1930, 2nd. ed. 1934, 
(6) W. Heisenberg, W, Pauli: Zs. f. Phys. 56 (1929) 1; 59 (1929), 168. 
(7) P. Jordan, W. Pauli: Zs. f. Phys. 47 (1928), 151. 
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It will be seen that the composition law is not so general as Dirac ex- 
pected. We shall consider the case as shown in Fig. 1. The g. t. f.’s for 
the sub-regions bounded by the boundary surfaces AA’A/A, and A,A,'5'B 
may be written 


T[v/ (AAA! A)]=lim Me!'(A,Af) TG Gade 
ET CA cc sonrcans teers vacageett ea (13) 


and similary 
T |v'(A,A/ B'B)]=lim Me’ (BB’) T[ Cy; Gye. 
Bee Bae FOE od ep te, (4 MOH etaner Ba ene met (13Y 


Then the g.t.f. for the total region bounded by the surface C will be 
composed of the g.t.f.’s for the sub-regions: which have a common boundary 
sutface A,A,’, namely 


T[v(C)] Pye Wee de BE) TAG (AA A AGN vereauae (14) 


ae. means that we sum up over all of the possible. values of the 
field variables on the common boundary surface 4,4, of the two sub-regions. 
It is however noticeable that Dirac’s composition law of the g.t.f. 1s satis- 
fied, as above proved, only when the common boundary surface extends in 
the space-directions and lies entirely outside any light-cone having its vertex 
on the surface, and the total region is completely separated into two sub- 
regions by any space-like surface including the common surface and extend- 
ing to infinity, tor example C; in Fig. 1. It is easily, according to our 
method of-the construction of the g.t.f, seen that Dirac’s composition law 
is not ‘satisfied for arbitrary common surfaces, for an example in a case of 
the common surface including a part extending in the time-directions and 
lying inside any light-cone having its vertex on the surface, since the ope- 
rators appearing in the g. t. f. are generally non-commutable at any two points 
in space-time either of which lies inside or on the light-cone from the 


other. 


4. Conclusion 


In our theory the observation operator appears in the forefront of the 
theory. This circumstance give us such an anticipation that in the future 
theory our practical observation may be expressed in a more explicit form. 
As a matter of fact it is exceptional that we obtain a complete knowledge 
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of the state of the system by our practical observation and therefore we 
may say that our knowledge of the state is as usually of a statistical nature. 
This feature are expressed more directly in our theory than in the current 
theory. In fact we see that TT is a sort of statistical operators according 
to (8) and (11). But in so far as our theory is concerned it is not yet 
clear what amendments required in our theory in order to get rid of the 
difficulties existing in the theory of the elementary particles will be provided 
by the passage to the future theory, since the foregoing theory has been 
got only by a formal rewriting of the current theory and does not include 
any new ideas for amendments required for the passage to the future theory. 
Our cordial thanks are due to Professors H. Yukawa and S, Sakata for 
their interest throughout in this work. 


Institute of Theoretical Physics, 
Nagoya Imperial University. 
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1. In the meson theory, the additional magnetic moments of protons 
and neutrons or the anomalous magnetic moments of nucleons have been 
attributed to the virtual emission of charged mesons by nucleons, and the 
numerical values of these quantities have been estimated by calculating the 
total energies of the nucleons placed in a weak homogeneous magnetic 
field. But, the result thus obtained by assuming the terms proportional to 
the field strength as those due to their magnetic moments diverges as in 
the case of the calculation of the self-energies of the elementary particles.“ 
These diverging difficulties have been usually avoided by taking recourse to 
some “ cutting off” prescription. 

We should, however, not be content with such a provisory theory. 
Moreover, we have reason, which will be discussed in detail in the papers 
shortly published by us, to remove the diverging terms appearing in the 
calculation of self-energies completely. And, from such a standpoint, the 
terms which are proportional to the magnetic field strength and attributed 
to the energy due to the additional magnetic moments of nucleons should 
be removed simultaneously by the claim of gauge invariance. This circum- 
stance is similar to the case of the theory of positrons where the diverging 
terms appearing in the calculation of the total energies of systems are 
removed in the relativistic and gauge invariant way. The close analogy 
between the positron theory and the theory of the self-energy will be also 
discussed by us. Concluding from this circumstance, it seems doubtfull to 
us to account for the additional magnetic moments of nucleons in the 
usual way. 

On the other hand, it is in general believed that the ordinary pertur- 
bation method of quantum theory applied to the calculation of the transition 


* The contents of this paper were read on Nov. 18, 1944, before the symposium of the 

National Research Council of Japan at the Tokyo Imperial University. - 
(1) Frdhlich, Heitler and Kommer, Proc. Roy. Soc. A. 166 (1938), 154. Yamasaki and 
Uma, Proc. Phys.-Math. Soc. Japan 24 (1942), 301. Ueno and Kuze, Ibid 24 (1942), 184. 
(2) Dirac, Proc, Cambr. Phil. Soc. 30 (1934), 150. Heisenberg, Zeits. f. Phys. 90 (1934), 
209. Weisskopf, D. Kagl. Danske Vidensk. Selskab, Math.-fys, Medd. XIV, 6, 1936, 
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probability of any process gives the correct results in the first non-vanishing 
approximation, in spite of the lack of convergence of this method. This 
lack of convergence is also intimately connected with the diverging difficulty 
of self-energy and will disappear when the way out of the later 1s found. 

Looking from this point of view, it seems interesting to us to calculate 
the transition probabilities of the processes which are due to the interaction 
of nucleon at rest with the electromagnetic waves and examine the electro- 
magnetic properties of nucleons assuming they have the infinite rest masses. 
We can expect that if the so-called additional magnetic moments. must inher 
in nucleons they give rise to any effect in these processes. Moreover, if 
there are other electromagnetic properties of nueleons, such as the electric 
dipol moment or electromagnetic higher moments, they will also contribute 
to the transition probabilities in the suitable approximations. Above all, it 
must be stressed that such a calculation will lead to the converging result 
in any case’ as long as it is restricted to the first non-vanishing approxima- 
tion and give an unambiguous informations coneerning electromagnetic 
properties of nucleons. 


2. From the above points of view, we shall first pick up the process 
where the photon is scattered by the nucleon at rest, and calculate the 
transition probabtlity of this process by assuming the rest mass of the nucleon 
to be infinite. Further, in this calculation the wave length of the incident 
photon will be assumed to be so long that the energy of the photon is 
negligible compared with the rest mass of a meson, and using the result in 
the limitting case where the energy of the photon tends to zero we will 
discuss the statical electromagnetic properties of the nucleon. 

For this purpose, it is necessary to carry out the fourth order perturba- 
tion calculus straightforwardly for the transition processes caused by the 
interaction between the nucleon and the meson and that between the meson 
and the photon, and occationally the direct interaction among these three 
particles. For simplicity, let us assume the pseudo-scalar wave iunction for 
the meson field. Then, the interaction term in the Hamiltonian of the 
system is given by 


Hf Nan tela ath Haat) dea nea uae a (1) 


where 


(3) Tanikawa and Yukawa, Proc. Phys.:Math. Soc. of Japan 23 (1941), 445. 


wep oy be 


; 
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Hew — 4 ‘Ga grad f +P grad ) VOC. 208... (2a) 
Hues = ag (AG ah poay erad 9) 

> eee) (4g 129 GAS (2b) 
Hma= ee ge ee Nac) 


Peg n*e yp, x=pe/h 
represent the nucleon-meson, meson-photon and nucleon-meson-photon in- 
teraction respectively. Th (2), ¢, @ and 9, o represent the wave functions 
and their complex conjugates of meson and nucleon respectively, and A 


represents the electromagnetic vector potential. Further, o is the spin 


operator of nucleon and z and 7* are the operators which convert a proton 


into a neutron and vice versa_and yp is the rest mass of a meson. 

By expressing (2) in the quantised forms, and looking for all combina- 
tions which connect the initial state where the incident photon and the 
nucleon -at rest are present with the final state where the photon is scattered 
in the different directions, we can find the intermediate states through which 


the scattering process takes place. In the expressions (2) for the interac- 


tion energy there are two kinds of terms, namely, the terms which involve 
the interaction constants ¢ and / in the first power and those involving them 
in the second power. The former terms give rise to the scattering process 
in the fourth approximation, and the later terms in the second approxima- 


tion.‘ Moreover, the intercombinations of these two kinds of terms give rise 
to the scattering. We may classify the combinations of terms which lead 


to the scattering process into three kinds, namely (a) the combinations of . 
four terms which have the constant ¢ or Jf in the first power, (b) those 
involving the second term of (2b) as a factor, and (c) those which involve 
the term (2c). There are 4! combinations in the class: (a), 6 combinations 
in the class (b), and 12 combinations in the class (c). The interaction 
matrix for the scattering process will he finally given by summiing up these 
44 terms. By making use of the approximation mentioned above and coii- 
fining ourselves to the limiting case fy/pe? > 0 (v is the frequency of the 
incident photon), and integrating the terms all over the directions in which 
the mesons are virtually emitted, we get the following niatrix elements 
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corresponding to the above three kinds of combinations 
@) —(# tic » (Cone) (dk BE 2) 
(bo) (2) (fie (ee) faee ne tay? 
(c) 2 (Aye sfeye3) | dhe kB + vyt—a(£) jt site) { dhe B+) 
+4i(2)/teo(eree]o) [abe e+e” 
(Le Giifanerm — @ 


=> > . 
where ¢, and ¢ represent the directions of polarization of the incident and the 
scattered photons respectively, and % is the absolute value of the momentum 


of the virtually emitted meson devided by %. In the integrations jae over 


the absolute values of the momenta of mesons in the intermediate states, 
each expression of (3) diverges separately. But, these diverging terms cancel 
each other when they are added together, as it has been expected in the 
above discussions. By integrating (3) all over the momentum space of the 
virtually emitted mesons, we get, finally, the definite expression 


lee . {eels Sa ack ether sone = eit ie (4) 


for the matrix element of the scattering process of photons caused by the 
electromagnetic properties of. the infinitely heavy nucleon. The scattering 
cross section will be given by multiplying the square of the absolute value 
of (4) by the density of the final state. 

3. We shall now proceed to examine the result (4) closely and inquire 
whether it is possible or not to account for our result by attributing any 
electric or magnetic moment to the nucleen. It wii be easily shown that 
if the nucleon has’ the magnetic moment Me in its spin direction the matrix 
element corresponding to (4) is given by 


Ari (hielo eee eo ee (5) 


> > a = 
where 4) (or 6) denotes the direction which is perpendicular to ¢ (or e) 
and the direction of the incident (or scattered) photon, viz. the direction of 
the magnetic polarization of the corresponding photon. On the other hand, 
this matrix element is replaced by 
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te 
St 


Sib ea nici ends Bal agscdeun Aenea Re, (6) 


when the electric dipole moment No is attributed to the nucleon. Compar- 
ing these two expressions to (4), we can find that it is rather reasonable 
to treat the scattering process as it is caused by the electric moment, 
instead of the magnetic one, of the nucleon. 

It seems, however, impossible to interpret this moment in the usual 
sense. Because, if we extract the square of the corresponding factor of (4) 
to get the expression for the electric moment itself, we shall find that it is 
given by the pure imaginary expression, In order to get an idea of the 
imaginary charactor of the electric moment, we have to remember Dirac’s 
relativistic equation of electron, where the electric moment is given also by 
the imaginary expression involving a operator »; which connects the positive 
energy state with the negative one as a factor. This electric moment of a 
electron gives rise to any effect only when it is applied to such a ‘second 
order process as the scattering of photons by the electron. In our case, 
the operator corresponding to p, is that which connects the proton state of 
nucleon with the state where a neutron and a positive meson are present 
or that connecting the neutron state with the corresponding state, according 
as the nucleon is a proton or a neutron. Denoting these operators sym- 
bolically by 7, and: t., the electric dipole moment of a proton or a neutron 
is given ay 


ee (7) 


tT, (Or ta) ————— ae i 

as a non-diagonal matrix clement which connects a proton or a nutron 
state with a imaginary dissociated state. It must, however, be borne in 
mind that such a dissociated state does not really appear in our process. 
Therefore, (7) should convey dny meaning only when it is squared. 

Neverthless, it must be stressed that, contrary to the case of Dirac’s 
electron, the above obtained non-stationary electric moment of nucleon does 
not vanish ‘even when the mass of a nucleon tends to infinity and plays a 
predominant réle in any transition. process caused by the interaction between 
the nucleon and the electromagnetic feld. Further, it seems to be possible 
to examine the validity of the meson theory and estimate the magnitude of 
the interaction constants contained in the meson theory by comparing. our 
result with the data which will been obtained by the suitably devised 


experiments, 
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Regarding the magnetic moment of the nucleon, we could nof get any 
imformation in the above calculation. But, judging by the fact that, in the 
usual calculations cited above, the magnetic moment has been given by the 
expression which contains the interaction constants f in the second power, 
we can-expect that it will play any role in the process whose order is 
higher than that of the simple scattering of photons by nucleons. We shall 
not, however, proceed with our plan in this way; because the calculations 
concerning. such a complicated process may be very tedius. In the next 
paper, we shall treat this problem by the other method, namely, by the 
method of subtraction analogous to that of the theory of positrons. Also 
in this paper, the problem of the electric moment will be touched again 
from this standpoint, and the discussion of our present results will be made 
by comparing it with that obtained by the subtraction method. 

In conclusion, it is our pleasant duty to express our thanks to Dr. Y. 
Nishina and Professor H. Yukawa for their kind interest and encouragement 
which have made this paper and following papers possible. 


Institute of Theoretical Physics, 
Kyoto Imperial University. 
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$1. The formalism of the ordinary quantum 
theory of wave fields. 


Recently Yukawa” has made a comprehensive consideration about the 
basis of the quantum theory of wave fields. In his article he has pointed 
out the fact that the existing formalism of the quantum field theory is not 
yet perfectly relativistic. 

Let v(xyz) be the quantity specifying the field, and A(zyz) denote its 
canonical conjugate. Then the quantum theory requires the commutation 
relations of the form: 


lee v(a/y's!t) ]=[A(xy2t), A(z'y/2/2) ]=0 
[v(xy2t), A(a'y'2't) | =ihd (x—2') 8(y—y) 82-2"), 


abe 


but these have quite non-relativistic forms. 

The equations (1) give namely the commutation 1elations between the 
quantities at different points (xyz) and (2/y’s’) at the same instant of time 
¢t. The concept “‘ same instant of time at different points” has, however, 
a definite meaning only one specifies some definite Lorentz frame of reference. 
Thus this is not a relativistically invariant concept. 

Further, the Schrédinger equation for the ¢-vector representing the 
state of the system has the form; 


SP Ae oO. 
( t oat ice! | 
Fate ane ee 
* Translared from the paper, Bull. I. P. C. R. (Riken-iho), 22 (1943), 545, appeared 


originally in Japanese. 
st [4, B]=4B—BA. We assume that the field obeys the Bose statistics. Our consi- 


derations apply also to the case of Fermi statistics. 
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where H is the operator representing the total energy of the field which is 
given by the space integral of a function of v and 4. As we adopt here 
the Schrédinger picture, v and 4 are operators independent of time. The 
vector representing the state is in this picture a function of the time, and its 
dependence on ¢ is determined by (2). 

Also the differential equation (2) is no less non-relativistic. In this 
equation the time variable ¢ plays a role quite distinguished from the space 
coordinates x, y and 2. This situation is closely connected with the fact 
that the notion of probability amplitude does not fit with the relativity 
theory. 

As is well known, the vector # has, as the probability amplitude, the 
following physical nieaning: Suppose the representation which makes the 
field quantity v(xyz) diagonal. Let ¢{v/(#yz)] denote the representative of 
¢ in this representation.* Then the representative ¢[7/(ayz)] is called 
probability amplitude, and its absolute square 


Wo (xyz) = | ole’ Gy) P (3) 


gives the relative probability of v(zyz) having the specified functional form 
v' (xyz) at the instant of time 4 In other words: Suppose a plane** which 
is parallel to the xyz-plane and intersepts the time axis at 7 Then the 
probability that the field has the specified functional form v(zyz) on this 
plane is given by (3). 

As one sees, a plane parallel to the ayz-plane plays here a significant 
role. But such a plane is only defined by referring to a certain frame of 
reference. Thus the probability amplitude is not a relativistically invariant 
concept in the space-time world. 


§2. Four-dimensinal form of the 
commutation relations. 


As stated above, the laws of the quantum theory of wave fielas are 


* We use the square blackets to indicate a functional. Thus ¢[v(xyz)] means that ¢ 
is a functional of the variable function </(yz). When we use ordinary blackets ( ), as 
$(v(xy2)), we consider ¢ as an ordinary function of the function 2(xyz). For example: 
the energy density is written as A(v(xy2), A(xy2)) and this is also a function of x, y 


and z, whereas the total energy = § H(c(xyz), Axy2))dv is a functional of v(xyz) and 


A(xyz) and is written as A [xxyz), A(xyz)]. 


o call a three-dimensional minifold in the four-dimensional space-time world simply 
“ surface ”. 


7K 
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usually expressed as mathematical relations between quai ties having their 
meanings only in some specified Lorentz frame of reference. But since it is 
proved that the whole contents of the theory are of cource relativistically 
invariant, it must be certainly possible to build up the theory on the basis 
of concepts having relativistic space-time meanings. Thus, in his considera- 
tion, Yukawa has required with Dirac® to generalize the notion of probabi- 
lity amplitude so that it fits with the relativity theory. We shall now show ~ 
below that the generalization of the theory on these lines is in fact possible 
to the relativistically necessary and - sufficient extent. Our results are, 
however, not so general as expected by Dirac and by Yukawa, but are 
already sufficiently general in so far as it is required by the relativity theory. 

Let us suppose for simplicity that there are only two fields interacting 
with each other. The case of more number of fields can also be treated in 
the same way. Let-v, and v, denote the quantities specifying the fields. 
The canonically conjugate quantities be 4, and /, respectively. Then between 
these quantities the commutation relations 


[o- (xyet), v4(2’y/2"2)]=0 
[A Cayzt), 2,(2’y’2’t) =0 
[v(ayzt), Ay(x'y/2!t)]=ih8 (x— 2") 8(y—y) 80-21) rs 


7/8 yo (4) 


must hold. The ¢-vector satisfies the Schrédinger equation 
ea ID oe i 0 
a? VG 5 
(A+ Tht Hot > 4 =0. (5) 


In this equation H, and Hz mean respectively the energy of the first and 
the second field. Ais given by the space integral of a function of v, and 
ae 126 by the space integral of a function of vw and A. Further, Ay is the 
interaction energy of the fields and is given by the space integral of a func- 
tion of both w, 4, and z, 4. We assume (i) that the integrand of Fo, 
i. e. the interaction-energy density, is a scalar quantity, and (ii) that the 
energy densities at two different points (but at the same instant of time) 
commute with eath other. In general, these two facts follow from the 
single assumption: the interaction term in the Lagrangean does not contain 
the time derivatives of v, and 7. 
If this energy density is denoted by Hy, then we have 
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Hyo={\Hydx dy dz. (6) 


As we adopt here the Schrédinger picture, the quantities ~ and A in Ay, 
H, and Hy are all operators independent of time. 

Thus far we have merely summarized the well-known facts. Now, as 
the first stage of making the theory relativistic, we suppose the unitary 


operator 
U=exp{ (A+ Ht) (7) 


and introduce the following unitary transformations ot v and A, and the cor- 
responding transformation of ¢: 


V,= Eiht hams A,= CLS 8 ay 
ook be (8) 


v =UY. 


As stated above, v and A in (5) are quantities independent of time. 
But Vand A obtained from them by means of (8) contain ¢ through U. 
Thus they depend on 7 by 


1hV.= V,H,—H,V, 
rv=1, 2 (9) 


ih A, = A,H, - zp A, 


These equations must necessarily have covariant forms against Lorentz 
transformations, because they are just the field equations for the fields when 
they are left alone without interacting with eath other. 

Now, the solutions of these ‘“‘ vacuum equations’’, the equations which 
the fields must satisfy when they are left alone, together with the commu- 
taion relations (4), give rise to the relations of the following forms: 


EVCzyet), VC 2!) =A. (4-2, 9-9, F— 2! t—2) 
[A, (ayzt), A, (2/72!) ]=B,.(4—2', y—y', 2-2’, t—-7) (10) 
[Vayet), A, (272) J= CG, (4-2, 9-9, 2-2", t-2/) 


where 4,,, B,, and C,, are functions which are combinations of the so-cal- 
led four-dimensional 6-functions and their derivatives.” One denotes usually 
these four dimensional d-functions by D,{xyet), r=1, 2. They are defined 
by 
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t (ke x-+k hz 2t-chy 
D, (yet) =a i{I{ a x aad + chy 2) 


thy t+ hy V+ hz 2—chr t 
MO ae hes us a—e O) dh dhydh, (11) 


with 
L=VBELELETE, (12) 


x, being the constant characteristic to the field 7 It can be easily proved 
that these functions are relativistically invariant.* 

Since (10) gives, in contrast with (4), the commutation relations bet- 
ween the fields at two different world points (xyz?) and (1’y'2’/’), it contains 
no more the notion of same instant of time. Therefore, (10) is sufficiently 
relativistic presupposing no special frame of reference. We call (10) 
fourdimensional form of the commutation relations. 

One property of D(xyzt) will be mentioned here: When the world 
paint (xyzt) lies outside the light cone whose vertex is at the origin, 
then D(zyz?) vanishes identically : be 


D(zyzt)=0 for #+y'+2?-et > 0. (13) 


It follows directly from (13) that, if the world point (z'7'2'’) lies outside 
the light cone whose vertex is at the world point («yz¢), the right-hand 
sides of (10) always vanish. In words: Suppose two world points P and 
P’, When these points lie outside each other's light cones, the field quan- 
tities at P and field quantities at P’ commute with eath other. 


§3. Generalization of the Schrodinger equation. 


Next we observe the vector ¥ obtained from ¢ by means of the unitary 
transformation U. We see from (5), (7) and (8) that this Y, considered as 


* Suppose that a surface in the 4, 4, 42 #-space is defined by means of the equation 
2 2%, + f2y +2, +x. Then this surface has the invariant ‘meaning in this space, since 
Bey By + Be — f2 is invariant against Lorentz transformations. The area of the sur- 


Naty my eas ae eg EAS 

of thi fang La (22) - dhs; dhy dh 
face element of this surface is given by dS= / (<7) +( 5 ie + Os 1 dhy dhy dhe 
=x he ey, Now, since dS has the invariant meaning, we can thus conclude that 


ES is an invariant, and tliis results that the function defined by (11) is inva- 


riant. 
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a function of 4, satisfies 


{Ha ¥ (ayzt), A,(xyzt), Va(ay2t), ACayst))ax dy de 


& 0 
+42 }p=0. (4) 
One sees that ¢ plays also here a role distinguished from z, y and 7: also 
here a plane parallel to the xyg-plane has a special significance. So we 
must in some way remove this unsatisfactory feature of the theory. 

This improvement can be attained in the way similar to that in which 
Dirac has built up the so-called many-time formalism of the quantum 
mechanics. We will now recall this theory. 

The Schrédinger equation for the system containing WV charged partic- 
les interacting with the electromagnetic field is given by 


{Fut 33 Holdm Por 0G) + Ze lp=0, (28) 


Here #., means the energy of the electromagnetic field, H;, the energy of 
the x-th particle. 7, contains, besides the kinetic energy of the 2-th 
particle, the interaction energy between this particle and the field through 
a(7,), gn being the coordinates of the particle and a the potential of the 
field. %, in (15) means as usual the momentum of the -th particle. 

We consider now the unitary operator 


“== eXp {4- Ht} (16) 


and introduce the unitary transformation of a: 


W=uau (17) 
and the corresponding transformation of ¢: 
=u, (18) 
Then we see that @ satisfies the equation 
{BC An Un +4 P20, cas) 


In contrast with a, which was independent of times (Schrédinger picture), 2 


~ 
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contains ¢ through #. To emphsize this, we have written ¢ explicitely as 
argument of 2. We can prove that 2 satisfles the maxwell, equations in 
vacuum (accurately speaking, we need special considerattons for the equa- 
tion div G€=0). 

The equation (19) is the starting point of the many-time theory. In 
this theory one introduces then the function 9(q,%,, go’, --+1 Gm ty) contain- 
ing so many time variables 4, f, ----.- ty as the number -of the particles in 
place of the function (91) 92s «++» 7x, #) Containing only one time variable,* 
and. suppose that this (git, G2’, ++» Zx’x) satisfies simultaneously the fol- 
lowing .V equations ; 


: h 
{Haan fins U(Gn» én) ) RYT 2} 0 Cats Qotes +++) Qnty) =9 


peed Si AERSS (20) 
This O(4, 4, -.-,¢y), which is a fundamental quantity in the many-time 
theory, is related to the ordinary probability amplitude P(¢) by 
P(A) =O(8,.t, .-, 2). (21) 


Now, the simultaneous equations (20) can be. solved when and only 
when the /? conditions ee 


(A,,H,! — Ay! Fn) P (gst, Golo; coy Inty) =0 (22) ; 


are satisfied for all pairs of and w’. If the world point (9ntn) lies 
outside the light cone whose vertex is at the point (gn't)'), we can prove — 
H,H,! —H,/H,=0. As the result, the function satisfying (20) can exist 
in the region where 


€a— gal P—O et 0. (23) 


is satisfied simultaneously for all values of 2 and w. i” 
According to Bloch® we can give O(git, Qebe, v.ey, Qnty). @ physical 
meaning when its arguments lie in the region given by (23). Namely . _ 


Wait Gatos vss qntn) = | Pat, Joly +++5 qntn) |? (24) 


gives the relative probability that one finds the value g in the measurement 
of the position of thé first particle at the instant of time 4, the value gp in 


* fere we suppose the representation which makes the coordinates 7, Yo) *» 7n dia- 
gonal. Thus the vector @ is represented by a function of these coordinates. 
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the measurement of the position of the second particlé at the instant of 
time 4, ... and the value gy in the measurement of the position of the /V- 
th particale at the instant of time 4%. | 

This is the outline of the many-time formalism of the quantum 
mechauics. 

We will now return to our main subject. If we compare our equation 
(14) with the equation (19) of the many-time theory, we notice a marked 
similarity between these two equations. In (19) stands the suffix 7, which 
designates the particle, while in (14) stand’ the variables x, y and 2, which 
designate the position in space. Further, @ is a function of the VV independent 
variables 91, 92, +++, 9x, Qn giving the position of the 7-th particle, while ¥ 
is a functional of the infinitely many “ independent variables” v,(%yz) and 
v,(xys), u, (xyz) and v(«yz) giving the fields at the position (*y7). Cor- 
responding to the sum 5)}4/,, in (19) the integral | Wj.dadydz stands in (14). 
In this way, to the eu wz in (19) which takes the values fae Rar 
correspond the variables x, y and 2 whice take continuously all values from 
—o to +o 

Such a similarity suggests us to introduce infinitely many time variables 
tzy2, Which we may call local time * each for one position (xyz) in the space 
as we have introduced 4 time variables, particle times, 4, 4, -... fy, each 
for one particle. ‘he only difference consist in that we use in our case 
infinitely many time variables whereas we have used NW time variables in 
the ordinary many-time theory 

Cotresponding to the transition from the use of the function with one 
time variable to the use of the function of WV time variables, we must now 
consider the transition from the use of ¥(¢) to the use of a functional J ees 
of infinitely many time variables hey 

We regard now 4, as a function of (xyz) and consider its variation 
€zy2 Which differs from zero only in a small domain VY in the neighbour- 
hood of the point (1.72%). We will define the partical differential coeffi- 


cient of the functional ¥]4,,,] with respect to the variable Leoyorn N the 
following. manner : 


ov FU toys + Saye | — P [tay | 
~ = lim mye YZ aye 
Oe th oo j ) lene dx ay dz _ 


ne The age of local time of this kind has been occasionary introduced. by Stuecker- 
erg. 
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We then generalize (14), and regard 


{Fala y, 2, 1?) +4 : = \7=0 (26) 
the ‘infinitely many simultaneous equations corresponding to the JV equations 
(20), as the fundamental equations of our theory. In (26) we have written, 
for simplicity. H,,(7, y, 2, 7) in place of Ay (Vi(ryz, 2), Viteye, PY son sneer 
In general, when we have a function F(V, 4) of V and A, we will write 
simply F(%, ¥, 2, t) for FCV (2, tags), ACZI%s boyz), OF still simpler F(P) 
P denoting the world point with the coordinates (xy7, fy)» Thus F(P’) 
means /(2,9", 2,2) or, more precisely, F(V(a79'2', tera), (4°9/2!s atyret)). 
We will now adopt the equation (26) as the basis of our theory. For 
V(P), VP), ACP) and A,(P)-in A, -the commutation relations (10) hold, 
where D(zyzt) has the property (13)... As-the consequence,-we have _ 


Hat P) Ho P!) — Hig P’) Ha(P) =0 (27) 


when the point P lies a finite distance apart. from P’ and outside the 
light cone whose vertex is at P. Further, from our assumption, (i) the 
relation (27) holds also when P and .P’ are two adjacent points approach- 
‘ing in a space-like direction. Thus our system of equations (26) is integrable 
when the surface defined by the equations 7=4,,,, considering 4,, as a func- 
tion of x, y and 2, is space-like. | 

In this way, 4 functional of the variable surface in the space-time world 
is determined by the functional partial differential equations (26). Corres- 
ponding to the relation (21) in case of many-time theory, ¥[¢,,,] reduces 
to the ordinary ¥(¢) when the surface reduces to a plane parallel to the 
xys-plane. 

The dependent variable surface 7=4,,, can be of any (space-like) form 
in the space-time world; and we need not presuppose any Lorenz frame of 
reference to define such a surface. Therefore, this ¥[t,.] is a relativistically 
invariant concept. The restriction that the surface must be space-like makes 
no harm since the property that a surface is space-like or time-like does 
not depend on a special choise of the reference system. It is not neces- 
sary, from the stand-point of the relativity theory, to admit also time-like 
surfaces for the variable surfage, what was required by Dirac and by Yukawa. 
Thus we consider that ¥[Z».] introduced above is already the sufficient 
generalization of the ordinary ¢-vector, and assume: that the quantum- 
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theoretical state* of the fields is represented by this functional vector. 

Let C denote the surface defined by the equation #=Zyy.. Then ¥Y is 
a functional of the surface C. We write this as 7[C]. On C we take a 
point P, whose coordinates are (yz, 4, yz), and suppose a surface C’ which 
overlap C except in a small domain about P. We denote the volume of 
the small world. lying between C and C’ with dwp. Then we may write 


(25) also in the form: 


OFC) _ lim Picg=F[G)) (28) 


rs Cle dwp 


‘Then (26) can be written in the form: 
{m.(P) +2 47-\IC]= =0, (29) 


This equation (29) has now a perfect space-time form. In the first 
place, Hy is a scalar according to our assumption (i); in the second place, 
the commutation relations between VP) and A(P) contained in Ais has 


the four-dimensional forms as (10), and finally the differentiation 


= ree is 
defined by (28) quite independently of any frame of reference. 


‘A direct conclusion obrained from (29) is that ¥[C’] is obtained from 
YC] by the following infinitesimal transformation : 


UL C={1- 4 .(P) doo} FCI, — @) 


When there exist in the space-time world two surfaces C, and G a 
finite distance apart, we need only to repeat the infinitesimal transformations 
in order to obtain ¥%[C,] from ¥[CG]. Thus 


ria\=fl1- 24(P)da,\ 1G) (31) 


The meaning of this equation is as follows: We devide the world region 
lying between C, and Cy in small elemdnts dwp ‘(it is necessary that each 
world element is surrounded by two space-like surfaces). We-consider for 


* The word state is here used in the relativistic’ space-time meaning, Cf. Direte’s book 
(second eddition) @ 6. 
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each world element the infinitesimal transformation 1 —-F-Hy4(P)dup. Then 


we take the product of these transformations, the order of the factor being 
taken from C, to C,. This product transforms then ¥ (G] into [C3]. 

The surfaces C, and C, must be here both space-like, but otherwise 
they may have any form and any configuration. . Thus C, does not neces- 
sarily lie afterward against C,; C, and CG may even cross with each other. 

The relation of the form (31) has been already introduced ‘by Heisen- 
berg. It can be regarded as-the integral form of our generalized Schrédin- 
ger equation (29) 


§4. Generalized probability amplitude. 


We must now find the physical meaning of the functional ¥[C]. As 
regards this we can make a similar consideration as Bloch has done for the 
case of ordinary many-time theory. Besides the fact that in our case there 
appear infinitely rnany time variables, one point differs from Bloch’s case 
that in (16) the unitary operator ~ is commutable with the coordinates 9,, 
Goines eit gy, our U is not commutable with the field quantities v,(ayz) and 
v,(xyz). Noting this difference and treating the continuum infinity as the 
limit of an ennumerable infinity by some artifice, for instance, by the procedure: 
of Heisenberg and Pauli, Bloch’s consideration can be applied also here 
almost without any alteration. We shall give here only the results. 

Let us suppose that the fields are in the state represented by a vector 

ep ateaP We suppose that we make measurments of a function /(%, 2%, A,, 42) 
at every point on a surface C;, in the space-time world. Let /, denote the 
variable point on G, then, if f(P,) at any two “values ” of PB, commute 
with each other, the measurement of f at each of these two points do not 
interfere with each other. Our first conclusion says that in this case the 


expectation value of f(A) is given by 
AP) =(81G) 1D FLGD) (32) 


where /(P,) means SOVACPr) vee ) according to our convention on page 
35, and the symbol ((4,.8)) with double blackets is the scalar product of 
two vectors A and B. It is impossible in case of continuously many 
degree of freedom to represent this scalar product by an integral of the 
product of two functions. For this purpose we must replace the continuum 


- infinity by an at least ennumerable infinity. 
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More generally, we suppose a functional F[/(P,)] of the independent 
variable function /(P,), regarding /(P,) as a function of A. Then the ex- 
pectation value of this / is given by 


FLAP)I=(IG), FLAP) LG). (39) 


A physically interesting F is the projective operator M[a,/(P,), v2! (7) , 
Vi(P,), V(F,)] belonging to the “ eigen-value” v,'(P), v/(P,) of VA), 
V,(P,). Then its expectation value 


Mw (P,), 2! (Pd; ViCh), Ve(A)] 
=((F[(G], Mw (A), wl (A); VUCPd, V(P)IZIG)) (4) 


gives the probability that the field 1 and the field 2 have respectively the 
functional form v,/(P,) and v/(P,) on the surface G. As C, is assumed 
to be space-like, the measurement of the functional JZ is possible (the 
measurements of V,(P,) and V,(P,) at all points on C, mean just the 
measurement, of JZ). 

Thus far we have made no mention of the representation of ¥[C]. We 
use now the special representation in which V,(7,) at-all points on C, are 
simultaneously diagonal. It is always possible to make all [4(P,) and 
V.(P,) diagonal when the surface C, is space-like. In this representation 
¥(C,] is represented by a functional ¥[v,/ (PR), (2) ; C,] of the eigen- 
values %'(P,) and 7/(2) of 4.(h) and V,(2). The projection operator 
M has in this representation such diagonal form that (34) is simplified as 
follows 


Wo! (A), v! (2) J=M[u! (A), zy (P,); AC RUACAY 
=| Flo'(A), w(A); GIP. (35) 
In this sence we can call ¥[,/ (PA), vw! (PF); G] “ generalized probability 
amplitude ”’, 
§5. Generalized transformation functional. 


We have stated adove that between [CG] and ¥[G] the relation (31) 
holds, where C, and CG are two spece-like surfaces in the space-time world. 
We see thus that the transformation operator 
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gered ate Ti(1—-4 Hide) (36) 


plays an important role. It is evident that also this operator has a space- 
time meaning. 

Similarly as the special representative of the ¢-vector, the probability 
amplitude, has a distinct physical meaning, there is 4 special fapresehetien 
in which the representative of the transformation operator 7!€,; C;] has 
a distinct physical meaning. | 

We introduce namely the mixed representative of Z7[C.; CG] whose 
rows refer to the representation in which M(P,) and (A) at all points 
on C, become diagonal and wlfose column refer to the representation in 
which V,(P,) and %(P,) at all potnts on C, become diagonal. We denote 
this representation by 


{v,/’ (P2), Uy" (P,) Ares: CG] | a (A), Vy! (A)], (37) * 
or simpler: 
[ay!" (Pr), v2 (Pa) a(R), (A) (38) * 


If we note here the relation (35), we see that we can give the matrix 
elements of this representation the following meaning: One measures the 
field-quantities V, and V, at all points on G when the fields are prepared 
in such a way that they have certainly the values 7'(/) and vy (P,) at 
all points on C;. Then 


Ww! (Pr), v2 (Pr) 3 11 (A), FA) ] 
= | [ay (P), a! (P.)| (Ps 2 (PY IP (39) 


gives the probability that one obiains the result v,//(P,) and 2,//(P;) in this 
measurement. In this proposition we have assumed that C, lies afterward 
against Cj. 

From this physical interpretation we may. regard the matrix element 
(37), or (38), considered as a functional of u/’(P,), v(P:) and (A), 


v (P,), as thé genefalization of the ordinary transformation function (9,” | 


Gu')- 


_ * As the matrix elements are-functionals of v(P), we use here the square blackets. 
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As a special case it may happen 
that CG lies apart from C, only in 
a portion S, and a portion S, of 6; 


& 
and C, respectively, the other parts ¢ 
of C, and C, overlapping with.each 
other (see Fig. 1). pect 


In this case the matrix elements 
of 7[C,; G] depend only on the 
values of the fields on the portions 
\S; and S, of the surfaces C; and C3. In this case we need for calculating 
7[CG,; G] to take the product in (36) only in the closed domain surrounded 
by S, and S,., thus 


TSH is l= Hi(1 + Hyde). (40) 


The matrix elements of the mixed representation of this 7 is a functional 
of %'(p1), ve (f~1) and u/’(p,), v/’(p2) where #, denots the moving point 
on the portion S,, and g the moving point on the portion S,. This matrix 
is independent on the field quantities on the other portions of the surfaces 
Cand 8C. 

The matrix element of Z[S,; S,] regarded as a functional of v,/(/;), 
ve (f:) and vy’(f2), v,’(f2) has the properties of g.t. f. (generalized trans- 
formation functional) of Dirac. But in defining our g.t.f. we had to restrict 
the surfaces S, and S, to be space-like, while Dirac has required his g.t. f. 
to be defined also referring to the time-like surfaces. As mentioned above, 
however, such a generalization as required by Dirac is superflous so far as 

the relativity theory concerns. 

It is to be noted that for the physical interpretation of [v/(P,), v7"(P,)| 
v4'(A), v/(P)] it is not necessary to assume Cj to lie afterward against 
C;. Also when the inverse is the case, we can as well give the physical 
meaning for W of (39): One measures. the field quantities V, and VY at all 
points on C; when the fields are prepared in such a way that they would 


have certainly the values v,/(P,) and v,/(P,) at all points on CG if the fields: 


were left alone until C, without being measured before on G. Then W’ 


gives the probability that one finds the results v,/(7,) and ~!(P,) in this 
measurement on C3. 
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§6. Concluding remark. 


We have thus shown that the quantum tneory of wave fields can be 
really brought into a form which reveals directly the invariance of the theory 
against Lorentz transformattons. the reason why the ordinary formalism 
of the quantum field theory is so unsatisfactory lies in the fact that one has 
built up this theory in the way which is too much analogous to the ordin- 
ary non-relativtstic mechanics. In this ordinary formalism of the quantum 
theory of fields the theory is ‘devided into two distinct sections: the section 
giving the kinematical relations between various quantities at the same in- 
stant of time, and the section determining the causal relations between 
quantities at different instants of time. Thus the commutation relations (1) 
belong. to the first section and the Schrodinger equation (2) to the second. 

.As stated defore, this way of separating the theory into two sections 
is very unrelativistic, since here the concept “same instant of time” plays 
a distinct role. 

Also in our-formalism the theory is devided into two sections. But 
now the separation is introduced in another place: In our formalism the 
theory consists of two sections, one of which gives the laws of behavior of 
the fields when they are left alone, and the other of which gives the laws 
determining the deviation from this behavior due to interactions. This way 
of separating the theory can be carried out relativistically. 

Although in this way the theory can be brought into more’ satisfactory 
form, no new contents are added thereby. So, the well known divergence 
difficulties of the theory are inherited also by our theory. Indeed, our 
fundamental equations (29) admit only catastrophal solutions as can be seen 
directly in the fact that the unavoidable infinity due to non-vanishing zero- 
point amplitudes of the fields inheres in the operator Hy,(P). Thus, a more 
profound modification of the theory is required in order to remove this 
fundamental difficulty. 

It is expected that such a modification of the theory would possiblly 
be introduced by some revision of the concept of interaction, because we 
meet no such. difficulty when we deal with the non-interacting fields. This 
revision would then result that in the separability of the theory into two 
sections, one for free fields and one for interactions, some uncertainty would 
be introduced. This seems to be implied by the very fact that, when we 
formulate the quantum field theory in a relativistically satisfactory manner, 
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this way of sevaration has revealed itself as the fundamental element of the 


theory. 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
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Some Remarks on Bopp’s Field Theory.* 


By Eizo Kanat and Shuji Taxaci 


(Recieved May 18, 1946.) 


§1. Introduction and Summary. 


The convergence difficulty of the self-force of the electron has been 
inherent in the classical theory, and it is essencially dae to the assumption 
that the source of the field is a geometrical point. Recently, Bopp has 
proposed a new method to remove this difficully by taking the Lagrange- 
function which involves the higher space-time derivatives of the field 
quantities.” For example, we would obtain the finite field energy, provided 
that the scalar potential g satisfies the following equation in the presence 
of a point singularity resting at the origin, 


A(4=22) p= —4ned(2). (1) 


Because g is given by the suitable linear combination of the Coulomb 
potential and Yukawa potential having the common source at. the origin so 
as to be finite up to the singularity. ‘ 

When Lagrange-function contains the second time-derivatives of the 
field quantities as is in Bopp’s case, the field equations are 4-th order 
with respect to the time differentiation. So we cannot use the ordinary 
method of field quantization. Nevertheless, we can show that the quantiza- 
tion of such a field is formally possible by the analogous method to the 
well-known Heisenberg-Paulis one — what is an aim of this papet. 

As a result of this quantization, it becomes clear that the field is made 
up of two kinds of Bose particles, one of which has the positive energy 
but another the negative energy. Therefore the total field energy ‘is never 
positive definite. Moreover, the system cannot form any stable state, when 
the interaction with the singularity is introduced. This is the greatest dif- 
ficulty of Bopp’s theory. But, the self-energy of the total system still 


* The contents of this paper were read on April 29, 1946, at the Anual Meeting of the 
Japan Physical Society held at Tokyo Imperial University. 
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remains finite in the quantized form of the theory as in the classical one. 
Of course, the zero-point energy — which is a quantum effect — is present 
and its absolute value is infinite. 

Here we take the unitaristic standpoint-of view as m original Bopp’s 
theory. So, for example, we consider the coordinate of the singular point 
only as a simple parameter, and describe its motion by the classical equa- 
tion derived from Born’s principle,” which is not of the canonical form. 
Therefore the Hamilton-function of the field does not coincide with the 
total energy of the system. Finally we pick up such a part of energy that 
is only dependent upon the coordinates of the singularity and show that 
it takes the form of the energy expression of a particle with a negative 
mass, when making a uniform motion with a small velocity. 


§ 2. Classical treatment. 


As the convergence of the_self-energy in Bopp’s theory is essencially 
due to the form of the equation like (1), we can discuss the general 
properties of this theory by taking the scalar theory for simplicity. Bs 
using, for convenience, the following units and notations : 


c=1, 4=1, (4, 7, 2, #)=(4%) (2) 
and letting ¢(+,) be the scalar potential arid ) 
oy 5 
Je= OXe : (3) 
the strength of the field, we define the Lagrange-function as: follows : 
i Ofe 
Bao ate ae -) +e (4) 


Then we can derive fhe field equations from the following® variation prin- 
ciple : 


a{z dx dy de dt=0 (5) 
where ¢(4,) variates De roe! and get 


OF, e 1 
Ore al? oe a ne as fee af spe piel 2, (6) 
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or 


oom (6) 


We can express this equation in the form: 


where 7,,;(=73.) is the energy-momentum tensor of the field, and its 
components are given by 


Tag=(Foly — 5 Bes? )— (at Fan(s + 1*)), ) 
(7) 


1 Oey Aas 
=f J eS oe aS ee ¥ 
w=Ff=—ale #= Ga 
Above all, for a=4 equation (6”) gives the following continuity equation . 


_ + aw _ ag 
div S+—Z- =P a, 


=-—Fy, S= tT 4. 


(8) 


So W is the energy density of the field. Using this expression, we Can 
compute the total energy of the field produced by a singular charge resting 


at the point z, and obtain the finite result 
E=| We dy de =2nx’. (9) 


In order to complete -Bopp’s theory, it is necessary to derive the 
equations of metion of the point singularities from an unitaristic standpoint 
of view. For this purpose, substituting the solution of field equations (6) 


into 


ccm 5 [teFet oe a az, 2 (age aes Jf) + of 


and balla oot the complete -time-differential terms, we get 
M= rd ae Pg ort Fa. + pds dy dz= x lena dy dz, (10) 


When there are many singularities, is given by the following expression : 
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VIEMIG, 2), FH 
P= 2 v= SAD ty ey (4, ¥y), ane? 

M=2n Sie, VIXVE O(n). (11) 
We obtain, variating z's independently, 

BN ES 

al Mat=35| (Ky dx,)at=0. (12) 
It is just Born’s principle to assume 

— ” 

Kee (13) 


for the equation of motion of the »-th singularity. In fact, according to 
Rorn or Bopp, it is easily shown that (11) gives the ordinary Lagrangian 
function for many particles each with finite mass and moving in the field 
produced by other particles, when their accelerations are all small. 
Hereafter we take the simplest case of one singularity and denote its 


coordinate by 2. The eq. (6’) becomes 


; a 
C1 (C2) $=4reP V1 — [ee d(4—%), Ea s 


Expanding ¢/ within a unit cube with periodic condition, 
g=>)aZ, *be* 
4 ; 
we get 


d* , p\(@ 2) PoE ee 5 pth 20 ee 
et ™ gp toile’ ) =4aet vl Pre, a= V ELE . 


Then, we solve these equations in following forms 


alk, #) =|4@, v)e™ dy, 
A(é v= 2ex*( VIR Pre tS ay / W228) (4—a}) ; 
> => 
af=rl(t), P=V(?) 


‘i Pe ee ae Sr tee a 
ae dS 2est| VI = PRe Od! a(t, 2) 


-a 
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where a(t, #)=[abe™"-9/(#—2) (P—ai). 


In this place there are two possible pathes for integral, namely 
(1) the retarded- case (Fig. 1); where 


22 (sin 2(¢—?) __ sin w,(¢—7) ; 
a (2, o-| x \ k Ox ) a 
0 


t<7 


a (2, 2) = Ane dl ae aT aid (ee ee __ sin a, (¢@—7“) ) 


and (2) the advanced case (Fig. 2), where 


Fane. 


(2) f e i 
+4 — 
A a Dg (iekte—) _ sin a=») tLe 
BS k O we 


a® (&, t) =4ne\d’ v= ayaa sn eG): sin oF —) ) 
: ; k ; Ww; 


‘ t 
Classifying all quantities corresp 
(1) and (2), we compute the ex 
proved to be equal. 


ondirig ta above two cases by the suffices 
pressions J[M%dt and jMdt, which are 


faroar= fora. 


After some calculations we find 
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—_ rid A 
K,=2n} aA: grad, (PY (to 4) + (4m, 2)) 


+ e's +9 Ga OD) 


So according to Born’s principle, the equation of motion for the point sin- 
gularity becomes 


4 (a FG (PR) I Ee, +9 »)) 


=—VI—VP* grad, (—2r2) ($ Gy )+$(ay 0). (13) 


Bopp has shown that Born’s equation of motion. does not contain the effect 
of radiation reaction. Exchange of energy and momentum between field 
and singularity is always reversible. Hence, to take this effect into con- 
sideration, we should replace eq. (13) by the following equation 


a 
“at a 


=—VI-P® grad,,(—4re) $ (x, 2). (13) 


Vo 4ze) LOCr,, é)) 


(13) or (13’) is clearly relativistic invariant. For, we can get the 


energy equation by taking the scalar-product with P: 


ad 1 
a FF =F, ))= vI- PES Pay, ‘) (14) 
— 2 (GM +g) in Born’s case, 
where v= 
—Are in Bopp’s case, 


and sum up above four equations in the following tensor form. 
taf id. 
GP @ 0) =—- 2 9 & 9 (15) 


where rt is the proper time of this singularity. From. eq. (HM) and éq2 
(8), we get 


ow 


div S bape Tees 4 ws) se sat Ge 9). 


7S 


Scme Remarks on Bopp's Field Theory 49 


ad - r,- ? 
{ Vdx dy dz 4 ” - =—0 
at jy ax dy ds We =F (%, ty} : 


: sh os ede 
Therefore, we can interprete. ee (4, 7) as the energy concentrated 


on the singularity. That Born’s equation of motion does not contain the 
radiation reaction can be infered from the fact that we get the following 
relation by integrating (14) with ‘respect to time: 


ef r : or 
Tipe ARN A pa pa ee 
oe Ge |= { pee or 


=, =o 


0 in Born’s case 


o 


{at t— 7? Z| (—2ze) (¢ —$™) | in Bopp’s case. 


Next, We transform the field equations into the Hamiltonian form before 
we perform the quantization. Writing Z ina slightly different form form (4), 


h h . 
La —3 (th P+ Gh Bh ht toh) +04, 


x Ort, OX, * Ox, Ot, 


we introduce the ‘following variables : 


ta th _ pal Ae 6 pn ne 
if ag - x LAS rat 
st (16) 
Woye labled Wey 
ob x 


The Hamiltonian of the field 1s defined to be 


Hayy + pb—L=b1t (thm 


rae Of, Of, _52~ oproy . 
x Ox, OX, "Ge On 


ey!)—pp. (AT) 


~ If we make the canonical equations by taking (Y, $+), (% y*) as canoni- 
cal variables, 
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Ogh* x 
gra — ue =p+ 4p— ay Ady 
od (18) 
0 5 
1g éy* ae 
i a = —pt+y— 5 Ax 


it is easily shown that (18) coincides with (16) and (6’). The relation be- 
tween Af and E=jIV dx dy dz becomes then 


H = E—|p dx dy de. (19) 


§3. Quantization and the Self-energy. 


Having found the Hamiltonian form, quantization is simple, We put, 
according to Heisenberg and Pauli, the following commutation rules be- 
tween the field quantities : 


[vx 2); ote, )]=08(2, x) | 
(20) 


nG@, ), °C", )]=i, 2) 


all other pairs of quantities being taken to be commutable. If we postulate 
the equations of motion for ¢, ¢+, y, y* to be 


is =[¢, H] etc., (21) 


it is well known that the classical equations (18) tan -be derived from (20) 
and (21). Hence, for a functional G(¢..., ¢) containing the time ¢ expli- 
citly we can put, generally, 


ceat ee OG? ae 
oe ee (22) 


Particularly, for the Hamiltonian ‘AD 


CE eee On 
ys ore Ee: ax dy dz 
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so that > anid in general. We cannot, therefore, consider the Hamilton- 


ian of st feld to be the energy of total system, because it is not a con- 


stant of motion. Only when PG; especially when the singularity is at 


1 at 
rest, 4 represents the energy of the system. 


Here we take the standpoint that only the field quantities are to be 
quantized (g-numbers!), and the coordinates of the sigularity are mere c- 
numbers. Since the field equations describe the feature of the field when 
the motion of the singularity has been given, we must add, to complete 
the problem, the equation which determines the motion of the singularity 
(though it is only a parameter) and is compatible with the field equations. 
It is not*necessary to write this equation in canonical form. One of the 
simplest way is to borrow the classical equation 


—_- 


mart =f? 


T(x, ))= 7 wre V? grad,, T(t, "| (23) 


— => 
with F(%, t)=—4ne $(%, 2). 


We have in this case 


dH 
ay Ga eee? ») 
Hence, 
dH V? <7 i cs 
—= Sah UF) = Ee Ft ys 1) (24 
dt =0, Hise H+ SA? (4%, ) Ar (%o ») ( ) 


H, which may’be called the energy of the system, consists of two parts. 


— 
We may consider W (4, 2) as the energy concentrated on, the 


BA: 
singularity, while Z may be called the energy of the field. 
To see the particle chardcter of the field, it is convenient to go to the 


momentum space. We put, namely, 


ane cae eae (25) 
t=TOBH*, 7 enh 


> 
k 


Then we get the following commutation relations ; 


52 Eizo Kanar and Shuji TaKac! 


[o(4), o(#)] = [O), PY) =Ow (25a) 


while all the other pairs are commutable. Further, we perform another 


transformation of variables, putting. 


=A (4-5 +4") +e (2G +B) 
(Ba — Bef 2k (4-2) - -4)-A(2b- n*(-8)| 


(26) 
0 =1/ 4 (4-3 oe 4a*(B)+i,/ (a 3B) 


vere A=—r{2 u(A(—2) + 4*(@) +03(B@+ BY(— —2))} 
In these variables we find the commutaion rules to be 


[A(A), A*(@)] = (8, BP)] = iow (26a) 


all the other pairs being commutable. For the energy of the system we 
obtain, im terms of 4,<A*, 6 and) 5”, 


H=A,+#H’ (27) 
with Hy= DS {e(4*DA® +4) —o1( B*O BHO +z )} 7a) 


se { te A® , BO 
yes AoE an Vee 


tal ACE). eo (27b) 


von PG Jo, /! 


As a consequence of (26a) the operators 


N,(2) =A*(B) ACB) and Np (4) =B*(B) BA 


has all positive integers and 0 as proper values. Thus, we know that the 
free field H=A, consists of two kinds of particles. This is the result of 
the fact that our Lagrangian contains the second order derivatives of the 
field variables with respect to time. Instead of the initial conditions in the 
classical theory, we may take. here the initial values of the complete set of 
observables such as, say, N.C), N, (2). 
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= ; " aes : 

To get the self. energy Of the system it is convenient to mak e fol- 
; ‘ Vy to 1 ert 
lowing canonical transformations : 


—> > 
nat Ake (ica 

= 40 +S ev 

2 ae = (28) 
TES ae Shag Nh Mle 


Then we have 


H=3 {e(.4’* (2) A’ (B) + +)- w,( BM (2) BiB) +4 =} - | (29) 
where 4E= —2rxe?/(1—V*). 


H—4E has the same spectrum as the Hamiltonian of the free field. 4E 
represents, therefore; the energy-shift caused by the presence of the singula- ~ 
rity, and can be interpreted as the self-energy of the system. Thus we see 
that the finiteness of the self-energy in classical Bopp’s theory is kept also 
when we go into the quantum theory. Particularly, when the singularity is 
at rest, we find 


4E= —Wrxe? (9) 


which has the opposite sign to (9). This corresponds to the circumstance 
that we have calculated in (9) the energy of the field only — in the clas- 
sical theory the self-energy is always interpreted in this meaning —, while 
in (9’) we have calculated the energy of the system consisting of the field 
and the singularity, Further, we should remark the fact that 4Z are not 
transformed as the time-component> of a four-vector when the velocity of 
the singularity varies. 

H, contains the zero-point energy whose absolute value is infinity. But 
the more serious difficulty in Bopp’s theory is the appearance of nega- 
tive energy particles in H,. In consequence, H is not positive definite and 
it is impossible to save this difficulty by taking account of the hole theory, 
since the particles of our problem obey Bose statistics. The system, there- 
fore, can not form the stable state even if we neglect the zero-point energy. 
It seems for us that the success of Bopp’s theory is to be confined to the 


classical region. 
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§ 4. Semi-classical correspondence. 


In thes previous section we have separated H _ into Hy and Hf’. Ano- 


ther separation is possible which will now be made. A(a), as it satisfies 


the following equation 


iA) =[A(, H]=24A) ——2_ 2 / VE 
= ‘iho ae Ta me 7? 


consists of two parts: 
> > > 
A(k) =A, (4) +u(2) 


8S 
where 4,(Z) is the solution of the homogeneous equation made from above 


=—> 
one corresponding to the free field, and (4) is the non-homogeneous solu- 
tion of this equation, namely: 


zt 


v 


—-o 


Similarly we can. write for BCA) 
> > > 
B(k) = By(k) +v(k) 


with Dips eel rt fate they —ianlt—t’)/ JT PP, 


iw, - 


Here we can consider #, wv as c-numbers. Inserting these expressions into 
(27) we obtain 


H=4°+H'+H' (30) 
rath 


Pas AX OAR + 5) o( B® RO+4)} 2a) 


k 


= 3) (hut (Bu (2) — wy (2)0(2)) 


4ite ; oe @ | v (2) u (2) vt ® 
= — $3} gtk 2 erat ane ) 
A af =“ “(5 Vv. 1S 3) 4 (44. “OR Meta Ow, } (30b) 
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#7 corresponds to the energy of the free field, and 7* is a function of the 
coordinates of the singularity only, while H/* may be interpreted as the in- 
teraction term. Especially when the singularity is moving ‘uniformly with 


small velocitv V. H* becomes simply as follows, 


At = —Inxe/V/1—V? (31) 


so that, in this case H* takes the form as if it were the energy of the 
particle with negative mass. 

In conclusion we should like to express our deep gratitude to Profes- 
sor M. Kobayasi for his kind interest and encouragement in this work. 
Further we are indebted to him and Mr. S. Kokaji for their valuable dis- 
cussions. 
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On the Interaction between Vector Mesons and Nucleons.* 


By Shoji Ozaki 
(Recieved May 21, 1946.) 


It was shown by several authors that the perturbation theory, which 
- proved in the case of quantum electrodynamics to be so powerfull a method 
. of attack, was not adequate for the problems concerning the interaction of 
mesons with nucleons, firstly because their interaction constant g /fe is not 
small enough in contrast to ¢’/#e which describes the interaction of elect- 
rons with electromagnetic field, and secondly the proper mesonic field aro- 
und a nucleon is of dipole type having higher singularities as compared to 
the proper electromagnetic field around an electron, Thus the adequate 
method of approximation for the strong interaction between mesons and 
nucleons has been set forth by Wentzel,“ and for the case of moderate as 
well as strong coupling the method, which resembles closely to the Hartree 
approximation for the ordinary atomic system, has been proposed by S. 
Tomonaga.” By using the latter method, detailed investigations were done 
for charged longitudinal, symmetrical longitudinal and neutral pseudoscalar 
mesons interacting with nucleons.” In the present paper we will now inve- 
stigate the problem about the interaction of nucleons with charged vector 
mesons, taking into account not only the longitudinal but also the trans- 
verse part in order to know the complete natures of the interaction. To 
simplify the problem, it is also here assumed, as has been done by Wentzel 
and Tomonaga, that the nucleon is infinitely heavy. Then the interaction 
energies between vector mesons and nucleons are separated into two parts, 
the longitudinal and the transverse part and as to the latter part, it can be 
shown that only the transverse mesons, whose orbital angular momenta are 
perpendicular to the spins, i.e. 7=7 which we will call c-component of the 
mesons interact with nucleons. 


* The eontent of this paper was read at the Symposium of the National Research Council 
of Japan, on Noy. 18, 1944. 
(1) G. Wentzel; Helvetica Physica Acta, 13 (1940), 269. 
(2) S. Tomonaga; Sc. Pap. I.P.C.R., 39 (1941), 247. 
(3) loc. cit. (2); T. Miyazima and S. Tomonaga; Sc. Pap. 1.P.C.R., 40 (1942), 2t; S. Tomonaga; 
ibid, 40 (1942), 73; T. Miyazima and S. Tomonaga ; ibid. 40 (1943), 274; S. Tomonaga ; 
Rikagakukenkyujo Iho. 22 (1943), 711 & 781. 
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The eigenvalue problem for the nucleon interacting with charged vector. 
mesons is thus solved in the approximate manner described by Tomonaga 
for the lowest state of the system. The interaction energies of c-component 
of the transverse vector mesons and a nucleon are the same as those in the 
case of the charged pseudoscalar mesons only differing in the interaction 


: - J Eee De 
parameters, 7 to VS — : —— fe (x denotes the reciprocal of Compton 
wave length of a meson) for the former.and 2/= lg Le ee for 


re ee ok ne 
the latter. g. and f are the interaction constants introduced by H. Yukawa™ 
and Y. Tanikawa and H. Yukawa respectively. The allied problems’ for 
the charged pseudoscalar meson were treated by S. Kanesawa, H. Jen and 
S. Fomonaga.® The self-energy of the proton due to ¢-component of the 
transverse charged vector meson is, as known from the above fact, of the 
same magnitude as that due to the pseudoscalar charged meson if the in- 
teraction constants / and 2” are put as equal, and this value for strong 
coupling is 1/3 times so small as compared to the value obtained by the 
perturbation theory. For the case of moderate coupling, though much 
interesting, the calculation can not yet be given owing to the complexity. 
The anomalous magnetic moment of the proton is also estimated, calculat- 
ing the mean value ot the interaction energy between the mesons and the 
applied magnetic fleld for the lowest state of the system using the approxi- 
mate wave functions obtained. The magnitude of the anomalous magnetic 
moment thus obtained is about 1/14 times so small as that calculated ac- 
cording to the ordinary perturbation theory,” if one takes: the same cutting- 
off momentum in both cases. If the cutting-off momentum of the diverging 
integral and the interaction constant g2/~ 4c are assumed as 10x and 0.3 
respectively, the former of which is determined from the observed value of 
the experimental cross sections of scattering of mesons by nucleons, the 
perturbational method gives for the anomalous magnetic moment about 20/5 
(4 being a nuclear magneton), which is about ten times too large as com- 
pared to the experimental value. Our calculation shows for strong coupl- 
ing that the anomalous magnetic moment becomes about 1,44 and thus is 
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58 Shoji Ozax1 


ot the right oder. The. comparison with the experimental value suggests 
that the interaction of nucleons. with mesons is rather moderate. It is noted 
that the value given by the charged pseudoscalar meson theory is as half 
times as that by the charged vector meson theory, in both cases of strong 


and weak interaction. 


§ 1 


When a nucleon is assumed to be infinitely heavy and rest at the 
origin, the Hamiltonian of meson field interacting with it may be expressed 


as follows: 


so 
\2 


—_ 
ide 


ers dit epic, (e1 08 U3 a@ar, (1.1) 


where Rs U, are the real fleld variables for the meson and 17, Te, which 
‘appears in the second term expressing the interaction energy of mesons 
with the static nucleon, are, with t;, the three components of charge spin ¢ 
of the nucleon, which satisfy the commutation relations : 


[tay To) == Ltrs, [rey coy Le, ey Cale erate Cua toe ok ee ed 


As we will deal with the states of mesons around the fixed nucleon, it is 
convenient to treat the problem by expanding the field variables in spheri 
cal coordinates 7, 8,» We expand the field variables as follows :© 


—> (a) 
Fo= VE aimee | (4980) - kb) —(-1)*A®_ (2 ) 


x = OS fy-12(Ar) a V i+ uu OSD Syasy2(2r) jz, 


=> (a), 
Cia if | xtc = KO (@) e (os 
i s nae (Ag+ (-1 APR @®) 


-—>(d) 


Fea va 3 the (ays a) —(- 189.) 


| 
| 
{ 
: 
| 
atch ‘2 Janlb) +V FEL OD fasnbr) )ab, | 
| 
Fad \ Ser N | 


(8) S. Ozaki; Sc. Pap. I.P.C.R..39 (1941), 223: 
(9) S. Ozaki; Nippon Sugaku-Butsurigakkai Kwaishi, 17 (1943),*498. 
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x( VFFT 8? frp(BP) wl 7 Of Fissn(kr) ae, | (1.3) 


So) —y 
=_— IM a xc 4 ‘x 
Tete itl FE onw +c 188i", (2)) 


<(V7ET FEL OWA han) —V 7 OG fraser) )db, 


—> (ec) 
ae z >| 7 Rie (C ie (4) —(- ~1)*62,® JOP hin Ede, 


Pavesi oh (GAO+(-D*GL® OP Fare Er) ah 


where 


| Een Ge G+e=D G+) yes G=et2) Geet) yes| 
(7-27 2G4+1) @+3) * 
Oi G+) Gah) Ye, o9=) (Get DG—-#+D y» 
Cea (27-1)7 re J (71) 743) i 
ye 1) G—H—1) vei /Gt#t) eae vt 
i (2f—1)27 Nee) ay te) | 
(ew =p+1) yy 
t 29741)" 
(ee yy 
OP = WAC Haly | 
G+uetl)G-P) ype 
277+1) 


and h=p/tc, K=E/tc and x=m,c/% are the momentum, energy and rest 
energy of a meson in natural units respectively. Y*(6, ~) expresses nor- 
malized surface spherical harmonics, 7 and p being ‘the quantum numbers 


corresponding to the total angular momentum and its component along the 


g-axis of meson respectivery. 


aint) 


Sinner) == 
> “Fe. 
The three pairs of field variables FE (a) UT ; Fo, U® : EO, Of given 
by (1. 3) satisfy the following relations Ce, 


rot E =0, rot U =0, div F” =0, div 7 —0, 
av Fo =0, div io =(, (1. 4) 
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and therefore A, Ue express the longitudinal, F; F0, UP ; FE, oe the 
two transverse components of the meson field. The latter components cor- 
respond to those which Heitler“” obtained for the electromagnetic fleld. 

The total charge of meson field g=Jpdz, where the charge density is 
defined by 


is Hs, F) =(F*, a) (1.5) 
Anxhe 1- |‘ 


become then ; 
g=ed) | Sdk| ADAG) + BME BA) + CE) GAA} 1.6) 
i= A 
and the Hamiltonian (1.1) takes the following form: 


Hyak. S) Si\ dh KY ARAB) + BECO BLM + GO) GA}. (1. 


i=1 je 


On quantizing the meson field, we impose on the amplitudes .4{%.(4), 
BEA) and Cf(4) the. following commutation relations : 


[4S (4), Apt (4) ]= 68 p (4-2) 
[BP.(2), BPL(H)] =F yOu d(E—#), 
(G2), GF) 1=) 450 uu8(2-#) (1.8) 
and all other commutators vanish. 


The interaction energy can. be now reduced to a simple form: in our 
approximation of the static nucleon only S waves of the longitudinal mesons 
and of the transverse mesons only P waves of that component whose orbi- 
tal angular momenta are perpendicular to the spins, ice. f=j, interact with 


the nucleon. Reserving in H, (1.7) only the corresponding terms, the total 
Hamiltonian becomes : 


Aes 
tic 


t=1 


>) cee | Apeag a C*Ge ni CPGO + C2*C8 } 


enies 20 
ey oa 3 | dh gE) MAS*— AD) 2V BE) ; dkg(A)k (1.9) 


x {(Ge— C,*) 2 Fy (C%;-G*) O,—10, _ 
’ Oi 


reat + Ci0)¢, sft 


(10) W. Heitler; Proc. Cambr. Phil., Soc. 52 (1936), 112. 
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where 


tela ik he 1 ae 
a in 2 
on x SE poe NGS Mix ye Chto) 


‘n oder to avoid the. difficulty of divergence which may be- gelated to the 
nodel of a point nucleon, we must introduce in the subsequent considera- 
ions the following cutting-off factor : 


TAT 
=0 &>K ( ) 


K being the cutting-off momentum. 

The Hamiltonian (1.9) is. now compared with that tor the case of 
charged pseudoscalar mesons, which is in the ordinary representation. written 
as: 


: a1 Sal + (grad 0)? +¥Qi— —anLe,(o, grad 23) (1. 12) 


TT i=1 


where Q, and P, are real field variables. To proceed to momentum space, 
we. expand hes as in the above, into series of surface spherical harmonics : 


an el At ©. ()+(—1) 422 hima ah 


VED WHER { Atee(2) (—1)"4 nC) }Oum a) Aet "ele) 


~Qr:sn.t 6) = 


Fel (zr) ¥* (4, Y). 


The quantized amplitudes 4[%,(4) and Aios(#) satisfy the commutation 

relations : 
[AP (2), APs, (2) \=8y mmO(k—#). 
[AR (2), Ai 2YI=LA A), APR (HYI=0. 14) 

As easily seen ftom (1. 12) and (1.18), only: P waves of charged pseudo- 
scalar mesons interact with static nucleons, so that we consider in Hamilto- 
nian (1. 12) the contributions from P waves only. Substituting (1. 13) into 
(1. 12) it follows ; 
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2 
(ESS Ss KAI! (2) A®,(B) dhe VES) | Feat. { (Aig (4) 
3 i=! 


t=1 I,m 


— AO% (2)) 225 9 — (Al (8) — ARMA) 


Fr © + A® (4) )a,}eeth (1, 15) 


where 


yi ol pa>et i (1. 16) 


This is essentially of the same form as (1.9) for charged vector mesons, 
as far as we concern with their transverse c-components, the only difference 


being that the interaction constant 2” RiP ae Lak stands for pseu- 
Dat AL ER ES 


a eo eee for the vector ‘mesons, 
2mVN 3 % Vic 


doscalar mesons instead of 7= 
Accordingly, the eigenvalue problems for both cases 
(H~—E) f=0 (isi) 


are formally identical and we can usé the solution obtained by S. Kanesawa, 
H; Jen and 5, Tomonaga” for the case of charged pseudoscalar mesons. 
We cite here the results shortly. We use Hartree approximations for the 
eigenvalue problem 


(HEY F=0 


“4 . ; 4 a 7 . . 
-expanding Aj), C9, C.®, and CQ of (1.9) in the following way : 


A® = ig & iis Ae ar > a, (4) ’ 
2 ips 
» Var g(hyk Sele 
ys We PUA E Sy ee ak ee 
GW a" At ENE) Aw Oop 
1,-1 K, K erate (2), 
Ch Si EOF C4 S098) 


(T1) to, cit. (6) 
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where the functions ¢,(4) (s=1, 2, 3 ...) make a complete system of nor- 
malized orthogonal functions with is of ai (Ki (SOE a) as its 


K, 


first member. 4, C, C®, CO, a®, cB, c& and cj? satisfy then the fol- 
lowing commutation relations: 


[4®, 4@*]}=[C®, CO*]=[C®, C*]=[CM CO*]=1, 
(af, aO*J=[cS, Br]=leS, B=, Ad*]=bw . (1.19) 


other commutation relations = 0 
We denote Schrédinger equation (1.17) divided by fic as 
(H— 1%) ¥ =0. (1. 20) 
Substituting (1.18) in A or (1.9), it follows ; | 


Price 34 ASAD + CO*CO + CO*CH + COX COL RE 


ze l Ki = ae A®)<, pies K; Re Cc® + CH*)a+ (6 GREG £ Ce) 0" 
SD K,@ i 
l 
+ ela Cio.) e+ 3) SAM AP*—— a 

l Tp fe, 

* K (AN Beye (i) * I + r at <a) 

FSH (pA? + os +yHi|(-Se—+ rors)es 
CN ide =| ‘(Se 
+(e —+ Wo: jea+(S ey ele A +S ( cE 


ea cx ae (5+ ib cle a (Baste ts) ch? Ms 


SYS) Hew (aa + BAL + CD + AO*CAD) (1.21) 
8s st 


i=1 &.8/ 


where 
d —t g(kyr 
le ney gta. 5 ’ Ki=4z | é Q : gi 
Hix VER (OW dh, HIV Fee OMt Ode 
Hay =\KG2* Be) abe 


3 iy a SRS att £ Bae at 
We introduce the operators 73°, "as3 "ts Mos Mar Moen Mos and mas by 
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= 1 2 2 _ 
AM 4Am =n, A@* Ae) =a, tig Was end: a>*af x Pe 
2 2) ay 1)¥* CQ) 2) 2(2) — 
CPEG ear at BRS 6 Poa oy cy te row = rte a 22) 
COr*CM=nt, COe*CP=nzI, cO*M — yt, Lente 


2 a ae 1 1) pera Si we 
OA aa Or ol He, Co' el Co? =, ps wee i Nosy cB tcO= Nos 


whose eigenvalues are zero and positive integers and physically mean res- 
pectively the “ Besetzungszahlen.”’ of longitudinal and transverse mesons, the 
superscript signs that of meson charges. If we neglect the fourth and the 
succeeding terms in (1.21), the eigenfunction considered as the function of 
these “ Besetzungszahlen” for the lowest state becomés approximately : 


a 
W=O(nxt, nz, nt, ny, nt, n=, nv, no) IT One (1. 23) 
&=] 
where the tour rowed function 


g, (nt, nz, nt, ny, nt, w=, nt, nz) 


O= $2( ss ) 
h( iB ) (1, 24) 
go ( dg ) 


satisfies the following equation 


V, 


Sf aon + + COFCO 4 ECM*C ML CO*GO 4 weet —A®)<, 


t=) 


(1. 25) 
1 


+ V{(CO+C*)a+ (C® 49C*)o* + oe = (CoOe 4 Ci?)0,)r4} = =f) 
2 


with 
V,=/K,, Vi=VK,. 


Now it is convenient to pass from the Schrédinger equation (1.25) to the 
differential equations, by the aid of the transformation theory in the quantum 
mechanics ; we ‘introduce: namely tne operators €, €, &, ©, pi, 28, 
p and 7, connected with A*, a®, CO*, C. C*, CM, G* and 
Co by 


AP* — AE = V9 EM, 4. C4 SEW — 20, 


CL -~CN* =p — ip, oe CO — ES, 
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AP*+ AP =iV TPP, CO*+ CO REP +E, 
Fae © t#_ CO m po a ip, C,Or— CH = S20. Ce 26) 


Since these operators $ and p are obviously Hermitic and satisfy the fol- 
lowing commutation relations : 


[E2, pP]=20,6,, (EP, €P]=[28, 2P ISLEY, &°]=Le?, 2° ]=0 
(eee ORR (1. 27) 


p® can be identified with the operator se if we use £{? representa- 
i 


= wk 
ae ’ 


tion for ®. Thus: (1.25) takes the desired form: 


2 4.92 
> - = a a2 + ess 3 ye —4+ VE Po; + (¢;?o, ot Ra, + &3°o,) T% 


4 
i=1 = oe eI 
1 1 1 1 2) iy =s 
— Woe, EP, EM, EP, EP, OM, EP, EP) =O (1. 28) 
As far as we concern only the transverse mesons, the wave functions 


O,(E, 6, EP, ©, EM, &P) for the transverse mesons satisfy the follow- 
ing differential equations : 


2 1 Ps. > > -> => 
3} {5 dew + 5 FO 34 HE, a)r.fO.(E, 2) =0 (1.29) 
4=1 


where 
A x 
EO = (6, Ef, €{),. 


The solution of (1.29) corresponding to the. lowest state of the proton in- 
teracting with transverse mesons can be shown to be 


1 | 0 
(e) 6) 
@,=|\~ |f(X%,Y)+ Si(X, Y) 
6) EMD F 1EH) 
) EM 4 122) 4 7(EO + 18?) 


(eo, FO] : 
[e, Fae 61, TAX) 


0 
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0 
[ém, CE, Fh +11, Ee, & "Ts mt es be Ae os pes 
ve ae a Sain ~ = 
[EO (EM, FOF], FHEM CEM, COT], + xf [EMFEM, COT, +f" 29 FO} 


Zl 
d if, 
| Po 
where 
mece > : ae 7 
"Xn G02 4 FO? Va fE, EOP (1, 31) 


and ¢, ¥2; Yis ¢%, express the states of proton and of neutron with spin t 
or | respectively. Since by writing 9, in this form the ‘angular parts ” 
have seperated, substitution of (1. 30) in (1. 29) gives the differential equa- 
tions for the ‘‘ radial-parts ” 7/ including only X and Y, where the variables 
X and Y can be-regarded as the generalized radius vectors in the 6-dimen- 
sional space of 6 and €®, The differential equations for f/ are solved 
approximately for the case z>1 as, follows: 


Ri(Ri-k) 1 2: AS: 1 
f= AAR) ARR), A= GE A fa, Rd, 


1 2 dec 
Sr=R,-5- (Ry Re), haa, R.), 
c Sai _ £2" e 
J(R, Ro)=e 44H, (a )e 4 ZL, mF (1. 32) 
where 


R=VXLQVY > Ry=V X-2VY, Ri=2W+e, Re=s, 


Ff, (x) and L,,(x) being Hermite’s and Laguerre’s ‘polynomials respectively. 
The required eigenvalue W, for the lowest ‘state x=2=0 is 


Se SS 
Wi — Vit sep 


The self energy of the proton due to the transverse ¢-components o1 charged 
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vector meson field is accordingly, for strong coupling Y,=//K,>1, 


Vv; ipa 3 3 3 
Kye?) = —/°K}— 5 ae a 2 ae (1. 33) 


[his is compared with that given by the perturbational method, i.e 
K iS! 3K? (1. 34) 


and is also as large, here 3 times by a factor as that for strong coupling. 


§2 


As we have obtained the wave functions representing the states of 
mesons bounded to a nucleon for strong coupling, we now proceed to cal- 
culate the anomalous magnetic mhoment of the proton, regarding the interac- 
‘tion with electromagnetic field as a perturbation. The perturbation energy 
is, taking that part 1efeted to the transverse components of charged vector 
mesons which only contributes to the magnetic morhent of the proton, given 


by 


1 he 2s 
pt (23 rr) (i) ce (2) dt 
Hl=>3 La, (7, rot 0? J—[T, rot O]) 

+ SE (A, [U®, o5,|-[O, on) oar (2. 1) 


Se =a . . Fy 
where A denotes the vector potential of electromagnetic field and in our 
case of uniform -magnetic ficld /%, becomes 


1 et . 
Aad; A,= 5 LLy,X, A=; (2. 2) 


Substituting (1. 3) and (2. 2) in (2, 1), the second term in (2. 1) vanishes, 
while the first reduces to 


x (G2) = ee st 1) - een G4) 2-3) 


Hla qty 


which is, by using (1. 18) and (1. 26) simplified as follows : 
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= tc Het +(e, FO], (2. 4) 
tic 
It is proved that only P mesons with the angular momentum parallel to z- 
axis have magnetic energy and thus produce the effect. It is noted that 
(2, 4) also, as in §1, resembles the magnetic energy in the case of charged 
pseudoscalar mesons. In fact, for the latter we have 


Vo Ges 


=> | (A, Orgrad QO, grad Q,)de. (2. 5) 


By (1. 13) and the formulas as same as (1. 18) and (1. 26), (2. 5) can be 
expressed in the form: 


Higl hee Hoge, BH (2. 6) 


Treating H,/ (2. 4) as a perturbation, the self energy of the proton is cor- 
rected in the first order by the amount 


Hi =\0*H! O,dE™ GE | joe Od Ego (2. 7) 


Inserting in this the wave functions (1.32) with z=m=0, we obtain as the 
anomalous magnetic moment of the proton 


Vapi _Z, © K, £5: ae Af kA 
bs =: O7xee =. Sl payrde @. 8) 


while in the case of weak coupling one has obtained-by means of the per- 
turbation theory" 


he a 
: on ae x (eee myG 


In the pseudoscalar meson theory, as seen from (2. 4) and (2. 6), these 
values are reduced to just a half for strong as well as weak coupling, ex- 


cept the difference of the interaction constants. If we evaluate the integral 
in (2. 9) 


(2. 9) 


Wiel 8 (93° Sn Ke la Ke ok 
s Bn ic a ae ee oe moe Cert ‘S} (2. 19) 


(18) low icit. (7). 
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where #) is a nuclear magneton e4/2Mc, M being the rest mass of a proton. 
If the cutting-off momentum K and the interaction constant g?/4c are 
assumed to be 10x“ and 0.3 respectively, the former of which is determind, 
comparing the theoretical scattering cross section of vector mesons by nuc- 
leons with cosmic ray experiments and the latter is given by the magnitude 
of the range of nuclear forces, the anomalous magnetic moment given by 
(2.10) amounts to 


pS! == 20 pie (2. 11) 


which is evidently too large compared with the experimental value. On the 
contrary, for strong coupling we have for it the value 1.44%, which is more 
or less smaller than the observed value. Thus it seems to show that we 
should deal with the case of not so strong but somewhat moderate coupling. 
This is rather accentuated for the case of the pseudoscalar meson theory, as 
the anomalous magnetic moment is, in this case, as half times as that of 
vector meson theory. Although the above values K=10x and g,/#:=0.3 
are somewhat problematic, since they were determined by means of the 
longitudinal vector meson theory, and we should, in order to be self-con- 
sistent, determine these constants in the frame of the f{ransverse vector 
meson theory. It may be still expected that the so determined constants 
will not be very much different from the values assumed above, thus not 
altering essentially the above conclusion. 


In conclusion, the author wishes to express his cordial thanks to Dr. 
Y. Nishina, Prof. M. Yamada and Prof. S. Tomonaga for their kind. interest 
and encouragement and to Assistant Prof. K. Nakabayashi for his valuable 
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from the Scientific Research Expenditure of the Department of Education. 
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§1. Introduction and Summary. 


As yet no decisive conclusion has been drawn about the spin of the 
meson. The experiment” and the theory of the cosmic ray shower by 
the hard component, however, seem to indicate the value 0 or 4/2. While 
in the single meson theory of nuclear forces the spin of the meson must be 
taken to be integral, in the pair theory we have two possibilities of taking 
the spin to be half integral as well as integral. Many authors have studied 
the pair theory with mesons of spin 0 or 4/2. But unfortunately the 
latter theory in the current form, involving charged mesons only, can not 
explain the phenomena of the f-decay. ; 

To remove this defect we need only to replace one of the charged 
mesons of the pair by a neutral one and to assume the following processes 
to exist 
Bee er Yr | (1) 
NWaP +Y~ + X6, 


where Y+, Y~ and Y° denote a positive, negative, and neutral meson re- 
spectively. 

In this paper, the scalar meson pair theory of nuclear forces modified 
in this direction is presented. We begin with the discussion of the possible 


(1) Schein and Gill, Rev. Mod. Phys. 11, (1939) 267. 

(2) Christy and Kusaka, Phys. Rev. 59, (1941) 414. 

(3) Wentzel, Zs. f. Phys. 118, (1941) 277; Wentzel, Helv. Phys. Acta 16, (1942) 111. 

(4) Marschak, Phys. Rev. 57, (1940) 1101; Marschak and Weisskopf, ibid. 59, (1941) 130; 
Critchfield and Lamb, ibid. 58, (1940): 46; Critchfield, ibid. 59, (1941) 48; Weinberg, ibid. (1941) 
776; Jauch, Helv. Phys. Acta 14, (1941) 465; 15, (1942) 175; 16, (1942) 221; Miyazima, Sci. 
Pap. 1.P.C.R. 39, (1941) 28; Teketani, Kagaku 11, (1941) 523; Ozaki, Proc. Phys. Math. Soc. 
Japan 16, (1942) 209. 
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form of the interaction between the nuclear particles and the meson fields 
leading to processes of the type (1) (§2), and the potential between the 
neutron and the proton is deduced (§3). Then the imteraction constant is 
dertermined from the cross section for the scattering of mesons by nuclear 
particles (§4). Finally, we show that it is possible in the modified pair 
theory to construct 2 theory of the P-decay, which leads to the interaction 
of Fermi type between the nuclear particles and the light particles (§ 5). 


§2. Interaction of Nuclear Particles with the Mesen Fichds. 


We ‘introduce the mesons with spin 0 and describe the charged meson 
field by a scalar complex wave function UV and its conjugate complex J, 
and the neutral meson field by a real wave function V. In vacyum, they 
satisfy the Klein-Goldon «equations : 

1 ? 
Abe 2--') F=0. 2 
( Cee i) 
where & stands for one of the three wave functions mentioned above and 
x is related to the mass my of the meson by x=myc/#. We consider here 


for simplicity the masses of the charged and the neutral meson to be equal. 
Now these equations can be derived from the Lagrangian’ 


VBy = (\f Le dv, 


with Ly= ie baal ae agra U. grad —07U } (3) 


EE CL emrrer, 


We now proceed to the formulation ot the most general interaction of 
the nuclear particles with the meson fields leading to processes of the type 
(1). Assuming the Dirac wave function for the nuclear particle, we form 
the covariants 


Scalar’: W. = (Btyp) y, 
> nA o~ ( 4 ) 
Vector : M=¥ (atyp)F ; M=VUrtyp®, 


(5) Pauli, Huitieme Conseil de Physique Solvay Kap, II. § 1. 
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where ¥ and ¥ are the wave functions for the nuclear particle, which have 


eight. components. a and # are the Dirac matrices and-typ is the operator 
changing the nuclear particle from the proton to the neutron state. 

We assume that the interaction satisfies the following conditions : 

(i) The interaction term in the total Lagrangian involves only the 
' wave function of the nuclear particle without its derivatives. 

(ii) It contains only the meson wave function and their first derivatives. 

Gii) It must not be of the higher degree than the first with respect to 
the derivatives. 

Then the general interaction which is relativistically invariant . will be 


a linear combination of the following two terms only: 
L,=-¢ WU V+conj. comp., (5) 
Ly= — fifa Uerad v++im oe | — f(a grad U) i 
c 
+ thy a v} +conj. comp., 
z oz 


where 4, 2 and g are arbitrary real constants with the dimensions of area 
and length respectively. The justification of the assumptions (i) and (ii) 
have already been discussed by Kemmer™. The assumption (iii) is necessary 
in order that we can quantize the field inthe usual procedure. 

The Lagrangian for-the total system consisting of the nuclear particles 
and the meson fields can now be written in the form 


= {[f Gor tet Let Lado, (7) 


where Z, is the Lagrangian for the free nuclear particle. This is of course © 
well known, as we assume the Dirac equation for the nuclear particle, and 
we need not put if down explicitly. 

Defining the canonically conjugate F+ of any field variable / in the 
usual Way, 


éL 


OF 


+ — 


we obtain 


(6) Kemmer, Proc. Roy, Soc. 166, (1938) 127. 
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ae OF c 
Pe alos OUI I aU (8) 
csemliod c 


Vt =ih8, for p=l, 2,......8. 
The total Hamiltonian can thus be obtained by the usual procedure. 
We can express it as follows: 
H=H,+4,+H,, (9) 
Here Hy denotes the energy of the meson fields in vacuum and H, the 


energy of the free nuclear particles. 


They are given by 


y= i\f [fedro+ + grad J - grad v+20U} 
il 2 +)\2 2 2772 nw) 
Mee fe (V+tV+(grad VP +x va, 


H,={\)\ # {eu-p+P =i Moe+ a M2) Pde, (11) 


> 

where 7, is the istopic spin matrix and g=—7#grad. MM, and M, are the 
masses of the neutron and the proton respectively. 

H, is the energy of interaction between the nuclear particles and the 


meson fields and is of the form 
H,=H,+ H, + Ha= \\ H,dv+ \\ H,dv+ \\ Hyd , 
H=gWUV+ conj. comp., 
Hy=fi{eMIV++M- Ograd 4 (12) 
+ f{eMhU+V+ (iM- grad OV} +conj. comp., , 
Hpi > Fe( MU + MU) + — (MM, + Mel, V2. 


Having found the Hamiltonian, quantization is simple, We postulate 
the commutation rules | 
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> > a> i > = 
[U(x,), U(x, =O, 0), 42", N=[ Ve, D, VA, Nar ae—2), 

> ~ => ==> > > => 
Fb) ole tt (e212)? (4, 0, 04 —2), 

> > > => ~ > ~ > ~ => ~~ => 

F fx, 28 (2, t+ 2 a OF (a, 0=F (4, OF (4, 2+ F 2’, 2) EF (a, 2)==0, 
(13) 

All other pairs are comnutable. Their time derivatives are then calcu- 

lated by the usual rule 
itF=[F, 7]. 

Now each of the terms in the expression for Hy: gives rise to an 
infinitely large interaction between the nuclear particles and the meson 
fields. This is most easily shown by passing to the description of the state 
of the nuclear particles in their configuration space. In this respresentation 


we may put® 


~~ a > - 
M,=¥ typ? = > t@,0(4—X), 
8 


where 7%} and x ©) are the corresponding matrix and coordinates which 
reffer to the s-th nuclear particle. Then the first term in Hy, for instance, 
takes the form 
7 1 TH x ¥ FO) THO) oO. 2 
Fy 2K Dy {FEU LO) ee Pt OLY HOY eB eh 


st 


\ 


~~ => ~~ = —- > ad _> 
ET ROT (LY 2 Wp + UH O (KBr By} I XO— XP) ) (14) 


~ = ae 
+ sft ay o (xX) U(X) 10(X® —~X), 


where Tpy is the reverse operator to typ and I the unit operator in the 
istopic spin space. The terms in the first and the second line in (14) give, 
ag a second order process, an interaction between different particles of the 
form of é-functions. The last term resembles the interaction given by 


Wentzel™ in his pair theory 


~~ -> 
Hy=h DS) U(X) X), (15) 


obs > 
but gives an infinitely large ‘nteraction on account of the factor 0(X¥® —X oy, 
1 a eee ee 
(7) Fock, Zs. f. Phys. 75, (1932) 622. 
(8) Wentzel, loc. cit. 
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Similar considerations hold for the second term in /7/ys. 

In order to have a finite interaction, we should therefore take f=A= 
In other words, the interaction term in the pair théory should not contain the 
derivatives of the meson wave functions. This assumption will be necessary 
irrespective of the spin of the meson assumed. In accordance with this new 
assumption we take the simple interaction H,.=H, in the following. 

For the purposes of calculation we go to the momentum space of the 
mesons. We assume all the functions to be periodic in some very large 
volume V, and change the variables describing the meson fields by the 


Fourier transformation™ 


iG pereds Blesin 1 = EO x 407 (be** ahs 
= La al ake = + ag(bye***| ; 
+ t wr ae (9) 
UY = apa : {as(é)e- *—a_ (Be 
Fr 


a 
| 
> > 
where Ea Ver. The new variables a,(#) and ale) (e=+1 or 0) 
satisfy the commutation rules 


- 
Pap BM aa, 


—> ae —> 
[ae(2), aer(4’)]= Seer ay , (17) 
all other pairs commuting. 


. te — 
We can show that N*(£)=a() ae (2) can be interpreted as the number 
of the mesons with charge ee in the state of. energy £, and momentum 


tk. In fact the energy of the meson fields, in vacuum expressed in the new 
variables has the form 


cs | ni deca 
> eye (18) 
€ ee 
k 
Inserting (16) in the expression for H, as given in (12) we have 


(9) Pauli, loc. cit, 
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sie 2V a bas = Tee (Ones 
; k kl 
4 Ose sat er 
+ a_4(2) a, (2) eS pte <0 


Re _ > > 25 doe ct 
+ {a4.(2) ad #) toa (Bay (2) eS} et-B) FO 4 conj, comp. | , 
(19) 
This interaction will be considered as a small perturbation in the actual 


calculations. It involves the operators which cause the transitions (1) and 
those ‘which lead to scattering processes besides. 


§3. The Intergction between Neutrons and Protons. 


The neutron and the proton are coupled with each other by the mutual 
emission and reabsorption of a pair of a charged anda neutral meson. The 
potential energy between them at. distance 7 apart is given by the second 
order perturbation formula. After some calculations we obtain for the 
potential in the non-relativistic approximation 

Vupl)= (the tent teNtip) K(r) , 
hicx A (Qizr) (20) 
ith Kipn=7,. ——_ -—_ 1“ _,, 
a O=9 598 7 
where #7," (2ix?) is the Hankel function of the first order. 

This potential gives an exchange force of Heisenberg type between the 
neutron and the proton. It decreases very rapidly at large distances and 
behaves as r~* at small distances, as the Hankel function has the asym- 
ptotic forms 


—2ur 


” 
_ for 2xr>1- 
\ xr 
H,® Qixr)= | : (21) 
— for 2xr€1. 
mxr 


It is therefore necessary to cut off the potential at small distance 
comparable to (2x)-', which is the range of force. If we take for it the 
value 2x 10-"cm, we have 


tMy~100 m (m; electron mass). (22) 


The potential given above is repulsive in the *S state and attrative in 
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the 1S state of the deuteron, which is in contradition with experience. Now 
Wentzel™ has assumed the interaction’ (15) between the nuclear particles 
and the meson field and derived the static potential between two nuclear 
particles, which holds for any value of the interaction constant. For small 
interaction, it reduces to the expression K(r) as given in (20) with g=2 
and is thus always attractive. We can not, therefore, depress the triplet 
state below the singlet by combining the interactions of the types (15) and 
(19) only. 

Further, with the value of g determined from the cross section for the 
scattering of mesons by nuclear particles (see § 4), the absolute value of the 
potential Vyp(r) becomes too small at small distances, i. e. about two 
thousand times smaller than that given by Bethe" on. the neutral theory. 
This is due to the circumstances that the scattering process is merely of 
the first order in our case, whereas the neutron-proton interaction is given 
by the second order pertubation. The situation is therefore more or less 
characteristic of the pair theory. But it may be remedied to a~ certain 
extent by choosing the cut-off distance smaller. 

Whether or not these defects can be removed by introducing the mesons 
with spin #/2 will be discussed in the next paper. 


§4. Scattering of Mesons by Nuclear Particles. 


Next, we shall apply the theory to the problem of scattering of mesons 
by nuclear particles, which is of interest in connexion with the collision of 
mesons with atomic nuclei. There are four cases to be considered which 
are represented schematically below. 

(i) ey See ee ys 
Gi). Y°.+N> Poey-, 
(iii) Y°+P—>N+Y¥?t, 
(iv) Y +P->N+Y°. 

Jt is easily seen that the cross section is the same fot all these processes. 
We calculate it in the system in which the nuclear particle is initially at 
rest. We shall give only the result here. Averaging and summing over 
the two possible spin states of the nuclear particle in its initial and ‘final 
states respectively, we get for the differential cross section that the mesons 


(10) Wentzel, loc. cit, 
(t1) Bethe, Phys. Rey. 57, (1940) 390, 
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are scattered into the solid angle dQ in the direction 0, yg, the expression 


Ge ee cee {i+ __ bv (1—cos 8) a2 
322? \ Mc+p,(1—cos8) Me\ Mc+~,(1—cos0)! ) 


(23) 
where ~) is the momentum of the incident meson and // the mass of the. 
nuclear particle. In the above calculation we have neglected (,/M/ 
compared with 1. Integrating (23) with respect to angles, we get a simple 
expression for the total cross secticn 


g ( ean 
= . 24 
8z aaa (24) 


where y=po/ Mc. 


Although the value of @ is not known experimentally, yet the cross 
section for the scattering in which the charge of the meson is not altered 
has been determined experimentally by Wilson“. If we may assume that 
the two cross sections are the same”, we can use the experimental value 
for the latter to determine the constant g. Thus we find for the dimension- 
less constant x7 

Cg~—s (25) 
30 
with the value of g as given by (22) and (25), the cross section (24) is 
always small, being of the order 1057 ein 

Moreover, it is evident that there is no possibility of absorption of a 
meson by the nuclear particle on the pair theory. All these circumstances 
seem to favour the interpretation of the large penetrating power of the 


cosmic ray meson. 


§5. Theory of S—decay. 


In order to explain the phenomena of the S-decay according to our 
theory, we propose the existence of the following processes between the 


mesons and the light particles 


SS NS ee TS a 


(12) Wilson, Proc. Roy. Soc. 174, (1940) 73 


(13) Indeed, if we assume that the interaction between the nuclear particles and the meson 
fields consists of two terms given by (15) and (19), and take A=g, the two cross s¢é.tions become 


the same, 
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Wi tay id (26) 
e~rvt+V4+Y’, 


where v and e~ denote a neutrino and an-electron respectively 
These processes are analogous to those given in (1). Thus the same 
: 4 Y : gj % 
reasoning as given in §2 leads us to choose the following expression for 


-the interaction which produces these processes : 
} 


— = ! ” — . 
Hy =9 (ff wUVdv +conj. comp., (27) 


where w= Phe. 


y and g are the wave functions of the electron and the neutrino re- 
spectively. The constant g’ has the dimension of length. 

Then the $-disintegration can take place as the result of the combination 
of the processes (1) and (26). Namely, a neutron can change into a proton 
with the emission of a pair of a charged and a neutral meson. This pair 
of mesons is absorbed: subsequently by a neutrino in the negative energy 
state, which is thereby transformed into an electron of positive energy state. 
Similar processes lead to a radioactive transformation in avhich a positron 
is emitted. 

The matrix element Hf, for the 8-decay process can easily be calculated 
by the usual perturbation theory. Now we can neglect the, energy of 
disintegration compared with 2myc*, as the former is smaller than the latter 
for all the known f-disintegrations. Then the calculation of Ay is just the 
same as that of the neutron-proton interaction and gives 


Hy= gy 22 fof EG, (£,) BD, (1) Ps (22) Bo (4) dv, 0s , 
(28) 


Here Hele ®,, and ¥,, are the eigenfunctions of the nuclear particle 
before and after emission. ¢ and ¢, are the similar quantities for the light 
particle. Since the wave length of the emitted light particles are large 
compared with (2x)"', we can further regard g, and ¢, as constant in the 
region of length (2x)-!, Thus we obtain finally 


Hy= gg! CA ~({[ FPO.) 9.@)B po) ao, (29) 


Ca ee ee (30) 
pa 
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Thus our theory gives the interaction. energy of Fermi type between 
the nuclear particles and the light particles. Here it is also necessary to 
cut off the potential at small distances as in the case of the neutron-proton 
interaction (see §3). To obtain an estimate of the magnitude of C, we may 
use as the integrand in (30) the asymptotic form of A, for large 7 given 
in (21) and integrate it from 0 to oo, instead of. cutting it off at small 
distance comparable to (2x)"'. Then we obtain . 


oe (31) 


x 


With the values of g and C as given in (29) and (31), we can determine 
the constant g’. Thus we find that the ratio g’/gy should be taken to be 
about one thousand times greater than the corresponding quantity in the 


single scalar meson theory®. In view of the situation mentioned at the 
end of §3, this can be easily understood. 


§6. Concluding Remarks. 


With the interaction as given by (27), it seems that a charged meson 
may disappear even in the free space by emitting a positive or a negative 
electron and neutral particles, i. e. a neutral meson and a neutrino or an 
antineutrino, according as the charge of the meson is positive or negative. 
However, these processes are not allowed so long as we take the masses 
of the charged and the neutral meson to be equal. Because the laws of 
conservation of energy and momentum can not be satisfied simultaneously 
in these processes. In order to give a finite lifetime of the charged meson, 
therefore, it will be necessary to assume the mass of the neutral meson to 
be smaller than that of the charged one. 

Furthermore, as mentioned in §3, it would be necessary to introduce 
the meson with spin %/2 in order to give the correct interaction between 
the neutron and the proton. In the next paper we will develop the theory 
in this direction. 


Te eS SS 


(14) -Vukawa; Proc. Phys.-Math. Soc. Japan 17, (1935) 48. 
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On the Effect of the Field Reactions on the Interaction 
of Mesotrons and Nuclear Particles, I.* 


By Shin-ichiro TomonaGa. 
(Received July 8, 1946) 


Introduction. 


In studying the interactions of mesotrons with nuclear particles the 
perturbation theory has been first applied without being earnestly doubted 
whether this process will give convergent results in these problems. In the 
quantum electrodynamics which deals with the interaction between electro- 
magnetic field and electrons this process has given the results which agree 
very well with experimental evidences so that one can scarcely doubt the 
applicability of this process in this case. Still, there are several reasons 
for believing that the perturbation theory would not be applicable to the 
case of mesotron theory. 

The interaction between mesotron field and nuclear particles differs in 
many respects from that between electromagnetic field and electrons. In 
the first place, the former interaction is much intensiver than the latter: 
the coupling constant g specifying the former interaction is, at least, about 
ten times so large as the constant e which specifies the latter. In the 
second place, the potential of the mesotronic ‘self-field of a nuclear particle 
has a singularity of the form 1/7* or 0(7) which is a stronger singularity** 
than that of the electrostatic self-field of an electron where the potential is 
of the form of 1/r. This fact means that the interaction between nuclear 
particle with its mesotronic self-field is much more singular than that between 
electron and its electric self-field. It is, thus, rather doubtfull whether the 
perturbation theory does converge in case of our mesotron theory, since this 
procedure presupposes the weakness of the c.upling. 

Under such cir¢umstances several authors have attempted to solve the 
problem involving the ‘interaction of the nuclear particle with the mesotron 


* Translated from the paper appeared in Bull. LP.C.R., 22 (1943), 781. 
** In the scalar mesotron theory the singularity is exceptionally of the form of 1/r. 
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field by some other ways without using the rather problematic perturbation 
theory. The aim of the present paper is to give a review of treatments of 
this kind and to make clear the underlying ideas and discuss the results 
obtained by these treatments. 

That the perturbation theory can not be applicable to our problem is 
implied by a simple exaple. One calculates the scattering cross-section of 
a mesotron on colliding with a nuclear particle. Supposing thereby that 
the nuclear particle is infinitely heavy so that in this collision its recoil can 
be neglected, one finds, according to the ordinary perturbation theory, that 
the cross-section increases indefinitely with increasing energy of the colliding 
mesotron. It is, however, unreasonable that in such a problem the cross- 
section exceeds the squaré of the wave length of the incident particle. 

Physically means the application of the perturbation theory the neglect 
of the field reaction. The fact that the scattering cross-section exceeds the 
square of the wave length of the colliding particle means that in such a 
case this reaction is ty no means small. What prevents the cross-section 
from increasing so unreasonablly must be just this field reaction. 

The reaction of a field on a particle can be classified into two distinct 
kinds, each of which has physically as well as mathematically different 
properties. The first one of these reactions is caused by the following 
phenomena: Around the particle there exist the so-called self-field. But 
the field has inertia against its change. When, now, the state of motion of 
the particle changes, also its self-field must change, so that it exhibits the 
inertia and an inertial reaction acts on the particle. Since this reaction is, 
in the first approximation, proportional to the acceleration of the particle, 
this reaction results ih an appearent change of its mass. The other ore 
of the field reactions is the effect of damping which is caused in the follow- 
ing manner: When the particle is in a state of non-uniform motion, it 
disturbs the surrounding field. Then waves propagate from this center, 
so that energy will be brought away by these waves, because under the 
natural boundary condition only outgoing waves can exist at infinity. This 
phenomena results thus in the dissipation of energy of the particle and, conse- 
quently, an irreversible damping force acts on the particle. 


As is well known, the inertial reaction of the field is infinitely large 
in the existing theory, so that one is forced to touch on the fundamental 
defect’ of the quantum field theory whenever one will deal with this reaction. 
Thus the existing theory is quite powerless to give account of such phe- 
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nomena in which the first term of the perturbation theory does not suffice 
pe the field reaction takes an essential part. One can get rid of this 
difficulty only by a very unsatisfactory procedure of “‘ cut-off.””* 

Although there exists at present no unumbiguous way of introducing 
the cut-off process in general cases, it seems fairly certain that this process 
corresponds in some way to giving a finite size to the particle’ interacting 
with the field. In the simplified problem in which the particle is considered 
as infinitely heavy, this process of giving the finite size is introduced in 
a comparatively unumbiguous way. So we shall in this paper deal with this 
simplified problem, and ask in what way the nuclear particle with infinite 
mass and finite size will interact with the mesotron field. 

When the problem is simplified in this way, it can be solved also when 
the coupling is not weak. Thus one can see in what manner the field will 
react on the particle. When the coupling af the field and the particle is 
very strong, this can be done by salving the problem classically, since we 
may expect that in this case the field generated by the particle is so large 
that the quantum-theoretical fluctuation can be neglected throughout. Indeed, 
it is seen by the quantum-theoretical treatment of Wentzel, which is a 
powerfull method applicable to the case of strong coupling, that the classical 
theory gives a satisfactory approximation in case of strong coupling. Wentzel 
has namely treated the problem quantum-theoretically expanding the solution 
in inverse powers of the coupling constant, whereas in the ordinary pertur- 
bation theory one finds the solution in powers of the coupling constant. 

If the interaction is not strong enough and neither classical nor Wentzel’s 
treatment is allowed, the problem can be solved approximately by Ritz’s 
procedure. This method gives a reasonable results which connect the results 
in the extreme cases of strong and weak couplings: Wentzel’s results on 
one hand and the results of the perturbation theory on the other hand. 

In the present paper we shall deal with the problem successively by 
classical, by Wentzel’s and by Ritz’s methods. We shall show first that the 
results of the classical treatment do really agree with the quantum-theoretical 
results of Wentzel when the coupling is strong. We shall then treat the 
problem by Ritz’s procedure. These treatments give rise to several results 


* There is another method of avoiding the divergence difficulties of the theory. Namely, 
one subtracts the infinite terms of the field reaction appearing in the course of calculations. This 
procedure is based on the hypothesis that the inertial reaction has no physical meanings at all. 
A group of works has been appeared on the basis of this “ subtraction ” procedure. 
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which differ substantially from those obtained by the perturbation theory. 
These differences represent just the effects of the field reaction. We shall 
discuss in the last paragraph the physical consequences of these treatments. 


$1. Classical treatment.) @ ® 


Although in case of strong coupling a quantum-theoretical treatment 
by means of Wentzel’s method is possible, it is still of interest to treat the 
problem first classically, since in this way we can obtain a clear picture of 
the behavior of field and particle when they interact with each other. 

A-:—Equations of motion. 

We suppose throughout the present paper that the mesotron field is 
described by a four-potential, thus we adopt the vector theory of the mesotron 
field. We assume, for simplicity, that of two Yukawa’s constants 9 and 9 
the latter vanishes. This assumption means that only longitudinal mesotrons 
interact with the nuclear particle. As to the charge of the mesotrons, we 
use at will sometimes the so-called symmetrical theory and sometimes the 
charged theory aiming at the simplicity of the treatment. 

We now consider that the nuclear particle lies at the coordinate origin. 
Let the mesotron field be described by means of the (properly normalized) 
amplitudes of the normal vibrations. Then, adopting the symmetrical theory, 
the Hamiltonian function of our system is 


jgps: \ K{aX(ta(t)+ HE H+eHe(O} dt 


~E { AO | {a(y—or(0| (=. + ies) + a(t) —4()} (eis) 


+2 {eOrerO}es|at, (1-1) 


where a(f), 6(f) and c(f) are the amplitudes of the normal vibrations with 
the momentum f. They satisfy the commutation relations 


[a(f), (I =[6(), HC )J=Le(h), (J =d(t-#) 
all other commutators=0, (1-2) 


If we introduce z+, ~~ and x° by means of 
(1) W Heisenberg: Z. Phys., 113 (1939), 61. 
(2) J. R. Oppenheimer and J. Schwinger: P. R 60 (i941), 150. 
(3) T. Miyazima and S. Tomonaga: Sc. pap. LP.C.R., 40 (1943), 274 
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n*(th=aX(fa(f), x (f=s*(f a(t), w(f=c*(fc(f), (1-3) 


then xt(f)dt, n-(f)dt and 7(f)df mean respectively the numbers of the 
positive, the negative and the neutral mesotrons whose momenta lie in the 
small volume df at the point f in the momentum space. In (1-1) it is 
supposed that the natural unit system is used in which %# and ¢ are unity. 
Then momenta as well as energies have the dimension of 1/length. The 
quantity AK means the energy of the mesotron having the momentum f and 


is given by 
K=Jet+e k=K|f, (1 - 4) 
if x denotes the rest energy of the mesotron. 


The three quantities t,, te and t; in (1-1) are the three components 
of the isotopic spin t which satisfy the following relations 


Day: Ts) tts, bts, 25) = 2, [ra, 2) = 22t, (15) 
q=—n=a=1. 

Further, the constant 7 in (1-1) is the coupling constant having the dimen- 
sion of the length. It is related to Yukawa’s g, by means of 
ge td oe Paayed. 

DER VAC, why 
The function F(4) is the so-called “ cutting off” factor introduced in order 
to avoid the divergence of the theary. The introduction of this factor 


corresponds to the assumption of the finite size of the nuclear particle. 
When the radius of the particle is denoted by & and its reciprocal by A: 


y (1-6) 


1 
R=—, 1-7 
then F(£) has the property 
0 for A> K 
i= +. 1-8 
Hike) . for oe ne? 


We call K “ cut-off momentum” hereafter. 

We can now obtain from the Hamiltonian (1 - 1) and the commutation 
re ations (1-2) and (1-5) the equations of motion for the amplitudes a, 6 
and ¢ and for the isotopic spin components 17, Tz and ct, in the ordinary 
manner. For @, 4 and ¢ they are 
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a()=—i{ Ka()— 4-9 (1 i)| 
5) = —i{Ko()+ 2-9) (tir) (1-9) 


: P é | 
c= —i{ Ke) — Fe ®)} 
and for: 7} tz ands 


e: Lay j g (2) | * {a(t)—ar)+3—oO} + 2 {et) +r} =| 4t 
cea j (| {a +24()—5)-0(O} 12 {+O} a |e 


re j 9 (I {aw—2r0} Cicer ses {ax(t)—4 (0 (in) dt, 
(1-10) 


where g(£) is the abreviation 


_ AF (e) 


g(Z) VK 


(1-11) 

Having thus obtained the equations of motion, we can now treat the 
problem classically. In this way our problem is considerablly simplified, and 
at the same time we can obtain a simple picture of the interaction under 
consideration, which also serves much the clear understanding of the quantum- 
theoretical treatment of the problem. We consider thus that a, 6 and ¢ are 
no more g-numbers but ordinary c-numbers, and that the isotopic spin t 
is an ordinary unit vector in the ]23-space. Although the problem is in 
this way very much simplified, it is still hardly possible to obtain the general 
solutions of the equations of motion. But, fortunately, the discussions of 
the problems concerning the seif-field around the nuclear particle, or the 
problem involving the scattering of a mesotron by the nuclear particle can 
be carried out without knowing such general solutions, for these purposes 
it suffices only to know rather simple special solutions of the equations of 
motion. We shall thus proceed to these simple problems. 

B :—Self-field of a nuclear particle. 

Since our main purpose is to. obtain a picture of the behavior. of field 
and nuclear particle intetacting with each other, it is preferable to use. real 
amplitudes instead of complex a, 6 and c. So we introduce real variables 
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&,(8), €.(f) and &(£) and their canonically conj 
. ' ; 
and #;(f) by means of y conjugate momenta #,(f), 2(f) 


AO 8 O= Te {a- FO} 
Em OF} 


AOD)—p()=—2 VK {a o mu); 
(1°12) 
p(t) + ip(f)=1VK {a*() +50} 


= yg +O} 


pilt)=—iV KP {er}. 


‘It is easily seen that these amplitudes and momenta satisfy the canonical 
commutation relations | 
[E(f), py E207 9 E-F) 
[E,(0), &(f)]=0 © (1-13) 
[2,(8), py (DJ=9, DJ =i, 2, or 3. 


In terms of'these variables the Hamiltonian function is expressed as 
Ha {| {aces ee} + {oa(t)+ KS(b'} + [ab + Ke,(ty} [at 
=1f OVE R@ rte Onto Onfae 14) 


It is seen that this Hamiltonian is invariant with respect to the rotations 
in the 123—space, so that the “angular momentum” in this space is a constant 
of motion. Theecomponents of this angular momentum are defined by 


f= | fa a)—2@e0} t+ +n 


j= | ROaw-AOAO}att sr (115) 


= 


i= { {ena 8A} dt+ ty 
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If we reprsent-a vector in the 123-space by a thick letter (a vector in the 
ayz-space has been represented by a German letter), (1-15) can be written 


as 


jat+ te, b= {[eo, pit) jet, (1-16) 


where the first term L gives the ‘‘ mesotronic angular momentum ” and the 
second term 4c the “spin angular momentum.” 

‘The equations of motion far &(£), p(f) and + are obtained either by 
transforming (1-9) and (1-10) or directly from H of (1-14): 


F()=P® | 
—p()=K%*()—ly() Kr 
— —21| (A) VE [«. “| dt. 
Now, in order to find the self-field of the nuclear particle, we calculate 
first the state of the lowest energy. Classically this state corresponds to 


the state of equilibrium of the system in which all quantities do not change 
with the time. Thus we obtain frorg (1-17) by putting €(f)=0, p(f)=0, 7=0: 


p()=0 | 


ake wy 


e(pj= lg{h)_ (1 - 18) 


KYVK- 
in which t is a constant unit vector independent of time. One sees that 
in this state the ‘‘ mesotronic’” angular momentum vanishes so that we have 


J=—r. (1-19) 


Of course, J can take any direction in the purely classical theory. 
In the quantum theory, however, it must be quantized. Then the vector t 
can only be either parallel or antiparallel to the 3-rd axis, so that /; is 
necessarily 1/2 or.—1/2, Since the third component of the angular mo- 
mentum has the physical meaning that, added by 1/2, it gives the charge 
of the system this result means that these two equilibrium states correspond 
just Lo the proton state and the neutron state respectively.- 

‘We. must now ‘obtain more general states of our system in order to 
find the possible self-fields of the nuclear particle. This is necessary because, 
in the first place, a self-field of a particle does -not “necessarily correspond 
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to the state of equilibrium, but there are possibilities of several excited self- 
filds in which the time derivatives of various quantities do not vanish. Indeed, 
every state of motion in which the field does not extend to infinity but it 
exists only in the neighbourhood of the particle gives a self-field. In the 
second place, it is because the states of the lowest angular momentum do 
not exaatly correspond to the state of no rotation if we will correct our 
result so as to fit better the quantum theory. 


To obtain such general states of motion we put 


‘t=sin8 coswt, t.=sin§ sinwi, t3=cosé 
eer ce cos wl, p= As, sin wi, E-= A 3 (1 J 20) 
A=, sin wl, pro= B,cos wt, p= B, 


and determine the unknown constants 4,, As, 43, 41, Be, Bs; and w so that 
(1 - 20) satisfies the equations of motion. We consider, namely, the state 
in which the vector + makes a precessional motion with the angular 
velocity # around the third axis making the angle @ with it, and at the 
same time, the field rotates with the same angular velocity. 

Introducing (1-20) into (1-17) and equating the coefficients of sinwt 
and cosw on both sides, we obtain 


— 'g(k) VK ) VK gj sin@ coswt, §:= ers *) x sin®@ sin at, 
—w 


am 
é,= Saran 6, (1 - 21) 
1 
wal cos 0 j g (A {--<} dt, 


or in terms of the complex amplitudes 


1 —twt 
a()=— | 
(Ds ea 5 are sin 8 2 | (1 - 22) 
(==> —*_ g(k)cos). 


CE! 


We now obtain the energy of the system in this state. Inserting 
(1-22) into (1-1), or (1-21) into (1: 14) we find then 


92 S TomMonaGA. 


24 uy, Litreeih 
Heels (2)? Te rc cos 0 dt 
9 9g K Pee I 9 1.93 
7 { 9(2) {pany sintd + cos al dt, ( ) 


which is to be interpreted as .the self-energy of the nuclear particle in this 
state. Also the angular momentum of the system is found by substituting 
(1-21) into (1-15): 


2 si SiO cee + Losin d coswt 
J,=— ol? sin9 cos cost | RK a) f ee 


ky i ae : 
— ol’? sin) cos@ sin wit | Fe +5 sind sin we 


Jv=ol?sin' | — ey at + aes A 
‘(A &’)P 2 
(1 - 24) 


As mentioned above, 7; means the charge number (viz. charge-1/2), 


which is usually denoted by 7, so we have 


m=ul’ sind \ pn Ane; += 4 cose . (1 - 25) 
(K?—w*)? 2 

In this exptession the first term is to be interpreted as the charge 
belonging to the mesotronic field around the nuclear particle, and the second 
term as the charge proper to the nuclear particle. The charge obserbed is 
the sum of these two. 

Of course, in the purely classical theory 1 can take arbitrary values, 
but if we introduce quantization, it can take only half odd values (positive 
as well as negative). In the quantum theory 7 is thus a quantum number 
which we shall call “ charge quantum number.” 

From the relations (1-21), (1-23) and (1-25) we see that our motion 
is perfectly détermined if we specify the value of m. Thus H and w can 
be represented as functions of m. It-is rather tedious to. calculate these 
functions in general cases, but this is meaningless since the classical treat- 
ment is valid only when the coupling is strong. In-such a case we find 
w<x<K and this enables us to calculate the required functions expanding 


various quantities in powers of w/x and w/K. This simplihes the calculations 
considerahlly and we obtain 
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u 
cos6= ; fp ONE n 
Qa 2? Ks 


ee re ac) 


(1-26) 


where the quantity K,, (7: integer) is defined by 


K,={f 20" ah” (1-27) 


These K, have the dimension of 1/length, and, when 7 -is smaller than 4, 
they are of the order of magnitude of K, which we assume to be very 
large as compared with x. | 

In this case of strong coupling it is seen from (1-26) that w is very 
small. Thus the speed of the precession of the system is very slow. In 
order to see the detailed nature of this motion, we calculate now the angular 


momentum in this case of strong coupling. For w<K we obtain from 
(1-24) approximately 


L=— = sin 6 cos wt 


(1 - 28) 


= Ay sin wt 
2; 


LZ,=msin’6 . 


> 
0 
A 
Fig. 1. Three vectors Fig. 2. Three vectors 


ety L and J 4, Q and A 
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Thus we obtain the following two results: (i), the total angular momentum 
J is parallel to the third axis, and (ii) the.mesotronic sigs momientum 
L is perpendicular to thé spin angular momentum 4c. In this manner, hb 
vector L and 347 which are perpendicular to each other, precess around their 
resultant J This situation is indicated by Fig. 1 

Jt is noteworthy that this relation between three vectors 47, L and J 
corresponds just to the -relation between three vectors, eleetronic angular 
momentum, rotational angular Brlegel isa it tt and total angular momentum of 
a diatomic molecule. _ If A, 0 and XK denote respectively these angular 
momenta, then A and 0 are also perpendicular to eachother and precess 
around their resultant K, which is fixed in the space. See Fig. ys 

This correspondence allows us to picture the behavior of the mesotron 
field and the nuclear particle by means. of a gyroscopic model as we have 
done in the case of diatomic molecules. 

In the case of a gyroscopic diatomic molecule the anguiar velocity ¢ 


of the precession is given by 


IK 
=u, 1-29) 
gah 
and the rotational energy by 
12> 
Sg a) (1 - 30) 


if 7 denotes the moment of inertia of the molecule. We see that when we 


replace K by J (noting [J|=|7]) and K by 37, then we obtain just the 
second term of (1-26), From this correspondence. we can see that ial « @ 
plays the role. of the moment of inertia 7, and the second term in (1 - 26) 
is to be interpreted as the rotational energy of the system. This inertia 
2’; is caused by -the inertial reaction of the field. 
The analogy with the diatomic molecule makes it possible to improve 
out formula (1-26), which has been obtained in a purely classical way, so 
as to fit better the quantum theory. For this 


: purpose we have to replace 
m* by J(/+1). Thus we had better to use : 


* See, for instance, R. Mulliken: Band spectra, part IT §6, Rev. Mod. Phys. 2 (1930) 
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oe , o= V7U+ 1) 

Aw ame) LK, ‘ees 
ge grey S ane 
VEL BS a OPK, J+} 4 | 


in place of (1-26). 

As stated above, the angular velocity w is very small when the coupl- 
ing is strong. This is due to the fact that in this case the moment of 
inertia 72g is very large. Also in the case of diatomic molecules the 
angular velocity of the precession is very small. This situation has enabled — 
one to treat the electronic motion in a diatomic molecule separately from 
the rotational motion of the molecule as a whole. The electronic angular 


inomentum Ai is thus regarded as a “good” quantum number. The analogous 
situation: makes. it possible to treat also our problem of interaction between 
mesotron and nuclear particle quantum-theoretically. Such treatment is the 
method of Wentzel which will be described later. There we shall see that 
the first term of (1 - 29) just corresponds to: the electronic energy of a diatomic 
molecule 

Thus far we have adopted the symmetrical theory. When we will deal 
with the charged mesotron theory, we have only to put c=0 in (1-22) 
Then we find. instead of (1-22), 


—twt 


e 
2 


7 (1 - 32) 


4(f)=— 
© K+o 


= g (2) sin @ ef" 


and, when: the coupling is strong,.we obtain in the charged mesotron theory 


08 SIE, TR 
r 1 3 3 (1 ’ 33) 
H=—-— K; +e SRE ——— Is 
in place of (1-26). 
The main difference between the behavior of field and particle in these 


two theories is as follows: while in the symmetrical theory we have 


cosd= =1 in the proton state [see (1 -26)], we have in the charged 


theory cos 0 [see (1-33)]. Thus in the proton state the vector 7 makes 
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a slow precession lying almost in the equatorial plane in the latter theory, 
whereas it is parallel to the third axis and does not move in the former 
theory. 

In the expression for H of (1-26), (1-31) and (J - 33) the term con- 
taining 7° represents the dependence of the energy on the charge of the 
system, This term gives rise to a physical consequence which has not been 
obtained by the ordinary perturbation theory. This is namely the following 
fact: When the coupling is strong enough, there is the possibility of stable 
states with [7|>>3/2 besides the proton state (i.e. the state with =1/2) 
or the neutron state (i.e. the state with #=—1/2). When, for instance, 
the excitation energy of the states with |#|=3/2 from the graund states, 
which have |77|=1/2, is smaller than the rest energy x of a mesotron, i.e. 
when we have 


FD m(=32— FA \mjats2 <* 5 (1-34) 


then the states with |7z|=3/2 are stable. This means physically that the 
nuclear particle with the observable charge 2 or —1 can exist without dis- 
sociating into a mesotron and an ordinary proton cr neutron. Such nuctear 
particles can still decay emitting P-ray, but their life will be of the order 
of 10-* sec, so.that there is the possibility that they are observed if such 
particles do really exist. 

This dependence of H on m can be obtained also quantum-theoretically 
by means of Wentzel’s method. In fact, the possibility of such stable proton- 
isobars in case of strong coupling has been concluded first by Wentzel 
himself, 

The following fact is to be added here: If one calculates the self- 
energy 7 of a nuclear particle by means of the perturbation theory, we 
obtain 


—$/°K; for symmetrical theor 
Sa 7 (1 - 35) 


~(-2K? for charged theory, 


while our results show that, when the coupling is strong, the main term of 
#7 is —(¢?/2).K,° for both symmetrical and charged theories. This means 
that imcase of strong coupling the perturbation theory will give the erroneous 
results for the self energy, which are too large by the factor 3 and 2 
respectively for the symmetrical and the charged mesotron theories, if one 
applies this procedure without respect the fact that this will give reliable 
results only when the coupling sufficiently weak. 
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The same situatiog occurs also when we will calculate the nuclear 
forces between nuclear pasticles: We obtain. too large nuclear forces, if 
we calculate them by means of the perturbation theory when the coupling 
is not weak enough. More precise discussions concerning this point will be 
given later. 

C :—Scattering of a mesotron. 

It has become clear by the above consideration that, when the coupling 
is strong, a nuclear particle interacts with the surrounding mesotron field in 
® way considerablly different from the manner of interaction in the case of 
weak coupling. It is expected, therefore, that the mesotron and the nuclear 
particle will show a quite different behavior on colliding with each other 
from that expected by the perturbation theory. 

The essential point in the consideration above is that we should picture 
our system as a gyroscope with the large moment of inertia /°JK, when the 
coupling is strong. If so, it is expected that this large moment of inertia 
will affect appreciablly on the scattering of a mesotron wave by the nuclear 
particle and diminish the scattering cross-section : When an incident mesotron 
wave impinges on the nuclear particle, it will cause a forced vibration of 
the yector ct, and this vibration of t in turn will disturb the surrounding field 
and give rise to the scattered wave. But the large moment of inertia of 
the system will thereby act as a large inertial resistance against the motion 
of t so that the amplitude of its motion will be very small. Thus the 
amplitude of the scattered wave will be much smaller than the amplitude 
expected by the perturbation theory which neglects wholly the field reaction. 
Such avsituation has been first pointed out by Heisenberg. We shall here 
deal with this problem more precisely. ; 

In order to avoid unnecessary complications, we shall here take the 
charged mesotron theory. Then, as we have stated above, the isotopic 
spin t makes a very slow precession lying almost in the equatorial plane. 
Therefore, we can consider without introducing a large error that this vector 
remains fixed at some position in the equatorial plane. Thus we may put 
in this approximation w=0 and 0=7/2. We denote further the azymuth 
of this vector by ¢. é 

Now, let A,/2z denote the frequency of the incident wave, f, its propa- 
gation vector and. a its amplitude. The vector rt will oscillate around its 


unperturbed position when the incident wave acts on it. Corresponding to 


this situation we put 
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t=cosy+esing sin(K,t+7) 

To=siti g —ecos¢ sin(Kyt+7) (1-38) 

T3= Es 
where ¢ and 7 represent respectively the amplitude and the phase of the 
forced vibration of t. It will be seen afterwards that, owing to the large 
inertial resistance, the amplitude ¢ is very. small compared with unity, so 
far as the frequency K, of the incident wave is small compared with the 
cut-off momentum K. Thus we neglect higher powers of e throughout our 
calculation.. 

On substituting (1-36) into the equations of motion for a(f) and &(#), 
which are obtained by putting c(f)=0 in (1- 9), we obtain equations for the 
amplitudes a(f) and 4(f). We solve these equations imposing the boundary 
condition: there exist at infinity, besides the incident plane wave with the 
propagation vector f; and of the amplitude @ which represents, for instance, 
the flow of positive mesotrons, only out-going spherical waves corresponding 
to the.scattered positive and negative mesotrons. 

Carrying out this calculation, noting that we may put g=O0 witheut 
losing generality, we find 


a (Dep 8 . SaG(h)n. Utes GR) a | 
a(€)=(2)*"ad (€—f,) e+ — 2 + gf (Rott) 
H=( ) ¢ oe 5) ify 


— 2 9(@) {4 + ina(K— Ky} ete 


1 
+9 ( KEK, RR 
eae Serie 


6()=—-— g(%) , le g (2) et (Kot+y) | 
(1 - 37) 
The first term on the right hand side of the expression for a@(f) representg 
the incident plane wave, which, on transforming from our’ {representation 
to the ordinary representation in the coordinate space, gives rise to the plane 
wave : . 
incident plane wave=ae ‘tot 404), (¥ - 38) 


The last terms containing-the factor {(1/K—K,)+ixd(K—K,)} in the ex- 
pressions for both a(f) and 4(f) represent the outgoing spherical waves,* 


* See P.A.M. Dirac: Quantum Theory § 53. 
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which transformed from our .f-representation to the s-representation give 
rise to the spherical wave 
scattered spherical wave= — 27 PKG) 
(1 - 39) 

That the expression for o(f) does not contain the term ad (£—f)).corresponds 
te our assumption that the incident mesotron is of positive charge. One 
notices further that the scattered waves in both expressions-for a(f) and 4(f) 
have the same form. This fact means that the probability of the incident 
positive mesotron being scattered with the change of its sign is equal to 
the probability of the scattering without the change of the sign. 

In. order to determine the uaknown phase 7 and the unknown amplitude 
£, we now insett (1-37) into the equation of motion for t, which is obtained » 
in by putting c(f)=0 in (1-10), and equate the coefficients of cos K,z and 
sin Koz on both sides. We obtain then 


2 » Lyk Qe ol 
aa {(2ay""a a COs% a: x} K;: 


0 


(1 - 40) 
= —(27 a2 q “9 (Fo) sing —47 hol’ g (key € 
IG 
where & is the abreviation®™ 

K 1} 

k {tee ttt. 1-41 
aac hresy co (1-41) 

The first equation of (1-40) gives now 

(27)*" alg (4.)cosy = e+27?’Re, (1 - 42) 


ae 
ot, neglecting the first term on the right-hand side which is small.compared 
with: the second, we get 

(22)? alg (hy) cos 7 = 20? K e. (1 - 42’) 
On eliminating 7 from this and the second equation of (1-40) we obtain 


Vi Eo ee (1 - 43) 
[ARP 4-4 (4722.9 (Fo)? Kobo)? 


eer 
* ‘This German letter does not mean 4 vector. 
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Now, the scattering cross-section is given by 


|r times the amplitude of the-scattered spher'cal wavef 
|the amplitude of the incident plane wavef 
(1 - 44) 
By using (1-38) and (1-89) here, we get the cross-section o, with which 
the incident positive mesotron is scattered without changing its sign as well 
as the cross-section ¢_ with which the incident mesotron is scattered chang- 


cross-section =47 


ing its sign: 


me (4° 1° 9 (hy) Koko) I (1+ 45) 
RB LK +4 (401? 9 (40)? Koo)? 


oe vio 
tt iE 
If the frequency of the incident mesotron is so small that we have 
K\ <5, we can put approximately 
PRE Haji. (1 - 46) 
In this case (1-45) is simplified into 


ek gS Vd ee 
4%) (Ks) Ko + (AT Lg hoy Koko) 


6, =0_= (1 ° 47) 
We give here, for the comparison, the corresponding cross-section 
obtained by the perturbation theory applied to our problem: 
o = 48 (49 (ho)? Koko)" 
, ae. Ki (1-48) 


o_=0. 


The difference between (1-47) and (1-48) is as follows: According 
to (1-48) the incident mesotron does never change its sign on colliding 
with a nuclear particle, whereas (1-47) shows that -the incident mesotron 
is scattered changing its sign as well as without changing its sign with the 
same probability. Further, the cross-section (1 - 47) differs substantially from 
the cross-section (1-48) in that the former does not increase indefinitely with 
increasing energies of the incident particle but approsches to the asymptotic 
value 7/#%, thus without exceeding the square of the wave length of the 
incident particle. . 

This difference of (1-47) from (1-48) represents the effect of the field 
reaction. “Fhe two terms in the denominator of (1-47) correspond each tc 
the two kinds of the field reactions, the.inertial on one hand the damping 
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on the other hand. Indeed, the first term contains the factor 72K, which 
is the moment of inertia of the system due to the self-field of the particle. 
That the second term represents the effect of damping can be seen-by tracing 
our course of calculation. One sees then that this term has appeared in 
connection with the term zmd(K—&,) in (1-37). This means that this 
second term is connected directly with our boundary condition saying that 
there exist only outgoing waves at infinity. That the second term corresponds 
to the damping reaction of the field is implied also by the fact that (1 - 47) 
has the form of a dispersion formula and thereby this term plays the role 
of the width of the resonance level. 

It is here to be noted that the second term in the denominator of 
(1-47) is small compared with the first term, so far as Ay)<K holds. 
This means that in such a case the effect of the damping is small compared 
with the effect of the inertia. This shows in turn. that the ampletude of the 
forced vibration of rt is small compared with unity, because if it were not 
the case, the damping reaction would be necessarily large so that the second 
term would predominate the first. Our assumption e<1 can bé thus justified. 

In conclusing the classical treatment, we shall notice that every result 
obtained in this paragraph agrees perfectly with the corresponding result 
obtained quantum-theoretically by means of Wentzel’s method. This will 
be shown in the next paragraph. The physical consequences of our results 
will be described in the last paragraph. 

(to be continued). 
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A Note on the Method of Radiation Damping and its Applicatior 
to the Photo-mesonic Process.* 


By Minoru Kopayasi and Kuninosuke Imazpa. 
(Received Aug. 20, 1946.) 


1. As has been shown by Heilter, Wilson and others,” a part of 
the converging difficulties, which is connected with the special form of the 
interaction energies, in the calculation of the transition probabilities can be 
removed by the method of ‘radiation damping,’ which was first introduced 
by Waller into quantum mechanical calculations. In the scattering processes, 
the cross sections increase unlimitedly when the interaction energies between 
the scattering particles and incoming (or outgoing) fields increase with the 
increasing energies of incoming quanta. But, in such cases the transition 
probabilities of the inverse processes also tend to infinity according as the 
probabilities of the scattering processes diverge. And, we can expect that 
these inverse processes suppress the increasing of the scattering probabilities 
as in the case of the classical theory of radiation damping. The calculations 
made by the authors cited above have shown that this is the case for the 
scattering of mesons by nucleons. But, we think the physical meaning of 
this method is somewhat dbscurely shown in such an example. In this 
paper, we shall inquire into the reason why this method generally leads to 
the converging results and illustrate it with the application to the photo- 
mesonic process where the final state is defferent in kind from the initial 
state. 

2. Let us consider the transition process between the initial state 7 
and the final state #, and denote the matrix element connecting these two 
states: by “jy. There may be many kinds of states /” which are connected 
with the initial state ¢ by non vanishing niatrix elements Hy, One must 
solve the simultaneous equations for the probability amplitudes of these states 
in order to calculate the transition probabilities from the initial state to these 


—— 


* The contents of this paper were reported at the semi-annual meeting of 1.P.C.R. held 
June 1943, bet the publication has been postponed, on account of the war. 
(1) W. Heitler: Proc. Cambridge Phil. Soc., 38 (1941), 291. 
A. H. Wilson; ibid., 38 (1941), 301. 
(2) I. Waller:  Zeits. fiir Physik, 88 (1934), 436. 
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final states. Here, we must take into account all these final states even if 
whose energies are different from that of the initial one. As is well known, 
the summation (or integration) of the transition probabilities over these states 
which are different in energy leads to the approximate conservation of energy. 
On the other hand, if we demand that the inverse processes shall be treated 
on an equal footing with the transition processes in order to take the reac- 
tion effects into account, the transitions from final states to the states 7 
which are connected with final states /” (including f) by Ay and belong 
to the same class as the initial one but different from it in energy must be 
involved in the simultaneous equations, and we must perform the summation 
(or intergration) over these states. One will see in the following formula- 
tions that this summation just secures the convergence of the transition 
probability for any process caused by the interaction terms which increase 
unlimitedly with increasing energy. 

When initial and final states are of the same kind as in the case of 
pure scattering (where the incoming and outgoing particles are of the same 
kind) which has been picked up by Heitler and Wilson as an example, the 
distinction between these two kinds of summations disappears, and this 
circumstance confuses the physical interpretation of the converging effect of 
the method of radiation damping. 

3. Next, we shall formulate this method according to Wilson’s paper, 
but making distinction between two cases mentioned.above, i.e. case r. the 
initial state is different in kind from the final states and case 2. they are 
of the same kind. 

In case r, the simultaneous equations for the probability amplitudes are 
given as follows 


‘4-7 —E;) tlh 
—ih a= wt Hey ay) OPN 04 
J’ 


oe “De — Ey) t/ \ 

—thig= J Lag a OU ) tlh (1 ) 

7 | 
Bigs _ 4(By—Byn) lk | 
—th ay =Ayr a Fabia 3 if) Wh +. She Uy e J | 
uv / 


(Ay = Hye Hay = Hy ) 


where a, a and ay are the probability amplitudes of the initial state 7 
Z . . 

with energy Z;, those of states i with energies 2, which are of the ane 

kind as the initial’ state, and those of the different final states /” (including 
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J) with energy Z,, respectively, and aj,...... denote the differential coefficients 
of a,,......with respect to time 2. 
In cave 2, the simultaneous equations (1) reduced to 


. —E,)t/ 
—iha,= \ Ay ea egy Mined de 
‘3 (2) 
oe fe \! Byri—-B yt 
—thay = H,,ae™ By) tlk +4 Sogn ayn ery ‘~ 1K 
ju 


where ‘i denotes the summation which is taken all over other final states 
sil 


{or, strictly speaking, initial and final states) 7’ than /’. These equations 
are identical with those obtained by Wilson and others. Here, it must be 
noted that the appearance of the matrix elements Ay, which connect two 
final states is due to the accidental circumstance that the initial and final 
States are of the same kind in this case. 

4. When the process takes place through thé intermediate states 


1 eee , we have to comprehend that the matrix elements Ay, (or Hyry) 
. FT in Hn 

represent those composed by performing the summation Seen F 
4 +-n 


hin nin Firs a ya all over the intermediate states 2, n’,.... 
nn (Z.—£,) (4,—2y) 


Then, they are given in the form 


eee ree 


(3) 
For these summations with respect to the intermediate states, we must 
content ourselves to obtain the first non vanishing terms and omit the 
diverging summations which correspond to the self-energies of particles 
concerning in transition processes. Then, as will be shown in the following 
discussions, in no case does the transition probability diverge as long as 
the inverse processes are taken into accoynt correctly. This is very satis- 
factory result, because as is generally believed and discussed by. us in other 
places those diverging terms rising from the fact that the self-forces of 
elementary particles become infinity when the point models are taken for 


these particles must be removed entirely from the expression for the energy 
of any system, 


fH, H, TR SH tL oes 
f7 17, 4 (direct)--.) 2 — Tica aia taal ib ees BM 
if y (direct) d E,—E, Xd (4,—E,) (E,—-E,/) 


See ee ee 


(3) M. Kobayasi and E. Kanai: Progress of Theoretical Physics, 1 (1946), 21, and other 
papers shortly published by us in this journal. 
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5. In order to solve the simultaneous equations (1), we put 
a,=e tl \ 
ei By— Ky +h APB __ 7 
E,—E,+3ihP (4) 
ett By By +2 hE Y/K__ 7 
E,— Eg + hia 


an accordance with initial conditions 


ay =Ay, 


Qu = Ay 


@=1, a=ay=0 for 7=0. (5) 


and substitute these expressions in (1). Then we obtain the equations to 
‘determine the unknown quantities [’, 4, and A, in (4). By replacing the 
summations with respect to states f’ and z’ by integrals in these equations, 
and using the well-known formula 

Ene gi Fo- B+ it) tlk 


(4) 
dE =inf (E 
Lo—E+ir f(2:) 


[7@)+ 
we get 


1 bi 
ae raf iy Ayr Py d2,,| 


Epi 


Ay =Hyy, + (iz)? [J Hy Hugn Ay Pa Py a2, 42, | ( 6 ) 


Fp =F Ey 


Ay =2 [ Fy Ay Py da,,| 


hy arky J 


where ‘pj, and py represent the densities of final and _ initial states with 
tespect to energy, and { 42, and | d2, denote the integrals over other 


freedoms of states than energy, for example the solid angles into which the 
particles are scattered. For case 2, Ay is given simply by 


Ay=Hyct in| yyy Am pnd Qe), Pils (7) 
in accordance with Wilson’s result. 
By solving these integral equations for Aj, we get for the transition 
probabilities or the differential cross-sections for the scattering processes 


(4) In derivation of this formula one must assume that /(/) converges sufficiently for large 
E. In this point the present formulation is not yet free from difficulties. 
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d= pl Addy (8) 


For the pure scattering where the incident and scattered particles are of the 
same kind, we can use the integral equation (7) for Ap». But, when the 
incident particle, is different from the outgoing particle, as in the case of 
photo-mesonic process where the incident photon is absorbed by nuclear 
particles with subsequent emission of charged meson, we must substitute for 
A, the expression which is given by solving the equation (6) 

As is easily seen from the form of the integral equations (6) and (7), 
the results thus obtained always converge in both cases even when matrix 
elements A, deverge with increasing energy. 

6, Now, we shall apply above results for the case 7 to the photo- 
mesonic ettect which was already treated by Heitler‘? and by us® by 
making use of the ordinary perturbation method, and the results obtained 
in this way strongly diverge contrary to the cosmic ray evidences. In the 
previous paper, we have avoided this difficulty by taking recourse to cutting- 
off prescription. But, when the method of radiation damping is applied the 
cross-section for this process decreases rapidly and: one of the discrepancies 
between the meson theory and experiments disappears as a reasonable conse- 
quence. , 

‘First, we adopt the pseudo-scalar. wave functions for mesons. Then the 
matrix element for this transition process is approximately: given by 


SL TOV e0)x (he) (9) 
as long as the mass of nucleon is assumed to be infinite, where «(K) denote 
the wave function of the nucleon. with momentum .&, € is the unite vector 
in the direction of polarization of incident photon and @ is the spin operator 
of nucleon.’ Further, / is the interaction constant between nucleon and meson 
field, 4 the meson mass, and &, A, are the energies of incident photon 
and emitted meson respectively. The solutions of the integral equation (6) 
are given by the form 


Hy=— 


A,=au(k) (e+ 0)u(0), (10) 
and by making use of equations (6) and (8) we obtain 


(5) W. Heitler: Proc. Roy. Sbc. A, 166 (1938), 529. 
(6) M. Kobayasi and T. Okayama: Proc. Phys-Math. Soc. Japan, 21, (1939), 1. 
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AY 2 
= A=—% ef (tic) 
lan MAIGe we gol perpaudY A Boas bovloe 
and 
0 
of paces Lae (12) 


(1+ 82" po, APY” 


where py p= and 44>) is the momentum of incident 


ae 

(Qn) hc ’ 
photon. The differential cross-section for the emission of meson in the solid 
angle dQ is finally given by 


R 


bn a 3 
ty (14+2R? 27) fae 
with 
R= 47 y 
ore 
And, the total cross-section, for photo-mesonic effect is given by 
Re 
=< (14) 


ee 
(1+ 2? 2’)? 

It is remarkable that this cross-section decreases with increasing energy £ 

of incident photon as 1/£,* in the high energy region, whereas in the example 

belongs to ¢ase 2 it decreases as VEY, 

By using our formulations, we can also calculate the probability for the 
transition process from the initial state 7 to other states 2’ which belong to 
the same class as the initial one. In the present example, this transition 
corresponds to the pure scattering of photon by ‘nucleon. caused by the 
interaction between photons and virtually emitted mesons. The cross-section 
for this process is calculated by making use of A, and given by 


dy = 2 py\ Au dD REM, (15) 


and 
wn = 1" Roy. (16) 
For the vector meson theory, we can calculate the cross-section for the 
photo-mesonic process in the similar way to the above case by making use 
of the matrix elements ‘obtained by us in the previous paper. Here, we 


omitt the detailed expressions for the matrix elements in this case and 
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write down the results obtained. Though the integral equations can not 
be solved exactly in this case, we can estimate the value A, by replacing 
|f44,/ by the average value |f,?. Then A, is given approximately by 


Ae Ay 
/ = ——_————_+_.. 
For the cross-section we obtain 


dy san asta afoul , (17) 
[1+ (a/42) bole P 

where ¢, denotes the cross-section obtained by neglecting the radiation 
damping, and «=1 or 2 according as the direction of polarization of the 
emitted meson parallel or perpendicular to its momentum. As has been 
shown in the previous paper, ¢, itself increases unlimitedly with the energy 
of incident photon, but the expression (17) always converges with increasing 
energy &, as 1/E£,". This is a general law which holds for the scattering 
processes where the incident and scattered particle ‘are different in kind. 

From the above calculations, we can conclude that when the reactions 
of fields on the particles are taken into account correctly, the diverging 
difficulties. concerning with the transition probability for any ‘process dis- 


appear as long as the infinite self-energies of elementary particles are laid 
asleep. 


In conclusion we wish to express our cordial thanks to Professor H. 
Yukawa for his encouragement and interest in this paper. Further, we are 
indebted to Mr. E. Kanai for his kind discussions on this subject. 
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§2. Wentzel’s method.@: 


As stated in the introduction, it is also possible to treat the problem 
quantum-theoretically when the coupling is Strong. This consist in obtain- 
ing the solution in an expansion of inverse powers of the coupling ‘constant 
Z Such a method was first introduced by Wentzel, which we shall here 
first modify so as to be applied to our problem without the inconyenient 
and artificial use of the lattice space. We shall also make the underlying 
idea of this method more clear by means of the analogy of our system with 
a diatomic molecule. 


A :—Separation of three motions. 


In order to simplify the problem, we adopt also here the charged 
mesotron theory. Further, we use the real amplitudes &,(f) and ¢.(f) and 
their canonically conjugate momenta ,(f) and PAL) (Ex(£) and ps(£) do not 
appear, as we are dealing with the charged theory). The Hamiltonian func- 
tion is then written as 


u=+|{pr) + Keer }at—fo@) VK @O-Aat, 21) 


when we use a thick letter to represent a vector in the 12-space. 
We introduce now a complete. set of normalized orthogonal functions 
having g(t)“ K as the zero-th member : 


ph) =e HOE lt), ADs mons GAD, 2) 


Te re a ee 


(4) G. Wentzel: Helv. Phys. Acta. 13 (1940), 269. 
(5) J. R. Oppenheimer and T. Schwinger: lot. cit. 
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We assume here that all members are real. 
We expand then &f) and p(f) in terms of these orthogonal functions : 


GH=2 FeO; p()= > p.v.(b) (2. 3) 
and regard the coefficients §o, ae saree as ‘a new set of coordinates, and 
Dos Pir Bos 90220: as the corresponding set of momenta. In terms of these 


new canonical variables the Hamiltonian becomes 


= x Pp: a pm PAD 3 &,) 7s i Ke, Ue, . T), (2. 4) 


s=0 


in which the coefficients ¢,,, are defined by 


ca = (e(DK PDA. (2. 5) 


Now, &) represents so to speak the intensity of the field at the origin. 
Its order of magnitude can be roughly determined by the classical conside- 
ration and it is found that 


( [Eo] es = LK” (2. 6) 


By the classical consideration in the preceding paragraph we know further 
that € rotates in the 12-space with a small angular velocity. This slowness 
of the rotation results in. the quantum theory in that the vector 47 will 
be quantized in the first approximation parallel or antiparallel to the, direc- 
tion €). This situation resembles to the case of a diatomic molecule, in 
which the angular momentum of the electronic motion is quantized. with respect 
to the direction joining the nuclei and its component along this. direction is 
“good”? quantum number, The electronic states of the 
molecule can be thus specified by this quantum number. In our system 
there are two states, the state of parallel spin and the state of antiparallel 
spin, and each corresponds to the electronic state of the molecule. 

In the theory of diatomic molecules one knows that three motions, the 
motion of the inner electrons, the vibrational motion of the constituent nuclei 
and the rotational motion of the molecule as a whole, can be treated sepa- 
rately. This possibility has its ground in that the frequencies of these three 
motions differ so much from one another, that in dealing with the motion 
of the electrons which has a very high frequency the vibrational and the 


considered as a 
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rotational motion can be regarded as an adiabatic change, in dealing with 
the vibrational motion which has an intermediate frequency the rotation of 
the molecule can also be regarded as taking place adiabatically. 

Similar situation-occurs also in our system of mesotrons and nuclear 
particle, only if the coupling is strong. Our Hamiltonian (2, 1) shows 
first that the energy difference between two spin states (i.e. the state in 
which 47 and €, are parallel and the state in which they are antiparallel) 
will roughly be given by 


dE in = VRE, (Eola 2 OK | (2. 7) 


(a3 


and this means that the frequency of the “inner motion of the z-spin has 
an order of magnitude of 2K®. Consider next the various oscillating modes 
of the ‘mesotron field interacting with the nuclear particle. Then they have 


frequencies from x to K according as their wave length, thus 
AB 2 x~K (2. 8) 


Now, we have-seen in the preceding paragraph that there is one more 
mode of motion, i.e. the precession of the system. This motion has the 
frequency of the order of 1//2K? as indicated by the m-dependent term in 
(1, 33): 

(2, 9) 


If we now assume that the coupling is so strong that we have 
PK? >1, ?K’> K/*, (2. 10) 


then the frequencies of these three kinds of motion lie quite apart from one 
another. In such a case three motions, the inner spin motion, the vibra- 
tional motion of the field, and the rotational motion of the system can be 
treated separately in the way similar to the familiar theory of diatomic 
‘molecules. 

In order to describe the rotational motion of a molecules as a whole 
one has imagined ‘a coordinate axis fixed to the molecule and has intro- 
duced the angle of rotation of this moving axis to specify the orientation of 
tne molecule in the space. ‘The electronic motion in the molecule has been 
then described referring to this moving axis. The analogy of our system 
to the diatomic molecule suggests now also to introduce the coordinate 
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é’axis in the diiection of &, 


axis rotating with €. We introduce thus the ¢ 
(this direction corresponds to the intramolecular axis for the diatomic mole- 
cule), and the ?”-axis in the direction perpendicular to it. Let @ be the 
Anata of rotation of the €’-axis from the fixed §,-axis. This angle is 
rewatiled as the coordinate describing the rotation of*the system. 

We write now the s-th coordinates referred to the new axis by &, 
and €,’, then they are related to the old coordinates §, and ¢,. by means 


of 


eee sin 0 (2. 11) 
(We write sometimes p instead of &,’) 


and 


€4=€,' cos 0—€,” sin 6 
(2. 12) 


Eo=€,! sin 0+€," cos 8. 


If we denote the momenta conjugate to €, and &/” by 7,’ ane #,’, and let 
the momentum conjugate to-@ be ~», then we have 


sin @ 


pu=pil ehcuGo Mot sin 0 ene St (, ti Ep fy 


Lo = py sin O— ses pe cos 4 SOS" SY (Gp — é Di!) (2. 13) 


(We write sometimes /, instead of f,’) 


and 


| pups, cos 9 -—p,/' sin 0 
(2. 14) 
po=p! sin 6+ 2," cos 0, 
where the dashed summation SV means that the term with s=0O is not 
8 
included. 


In terms of these new coordinates and their conjugate momenta the 
Hamiltonian is expressed as 


=p [tos Bora int —er700}] 
Has] ht tee [oe— Dl lal —'0)| 
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+{3y P+ Dg bell + 1a pire See 


—t9 


aaee 0 
—V Kil 9): (2. 15) 


we have used here the representation 


“47/041 _ {0-2 Lee’ 0 
n=( 0): ™=(; Oo} 15=(6 $3) (2. 16) 
Our problem is now to solve the eigen-value problem 

(H—K,) ¥ =0. (2. 17) 


The analogy to the theory of molecules* shows that this equation can be 
solved approximately by putting 
UP spn» = P(p, §) 10), (2. 18) 
L 


thereby the wave function Yi, describing the inner spin motion satisfies 
the equation 


: (@) —t0 
{=v EE, 406 )—WO}F nin=0 (2. 19) 


in which p and @ is considered as the parameters describing the adiabatic 
motion ;-the vibrational rotational part PO satisfies then the equation 


PAS BED 6 BEN) + Ot TK} PP, £)60)=0 (2. 20) 


in which the eigen-value Wp) of (2, 19) plays the role of potential energy 
and J is the operator defined by 


* See, for instance, R. L. Kronig- Band Spectra and Molecular Structure, 
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v= ye TH 4 OY, _ 2f,* Op 06 2f.* Igo a6 
FL SG GOB ter a Bea 


— 2 sy etait 2a!) (nt + 9 Se) @. 21) 


8 


In (2. 21) ¢, and ¢ are two rows of Fyn which is normalized: we have 


namely 


IP P+[¢oP=1 (2, 22) 
when Ym is written in the form 
(7) (2. 23) 
Now from (2, sige we obtain two eigen-functions 
1 1 
D nin = ge peels -) atch ip Todece= o5(-.,) (2. 24) 
corresponding respectively to the eight-value 
W(p)=—V K2,lo and Wp)=VW— K®°,/p (2. 25) 


But as we are dealing with the lowest states, we have to take only the 
solution with the lower energy: 


sce Asef 
F n= =a); WXp)=— V KS, Ip. (2. 26) 


(it is seen that in this lower state the vector 47 is quantized parallel to 
§,). 


From (2, 21) we obtain immediately the rotational part 


aie 2 1 1 2 
—) ‘ i(m—16)@ cent — — ae ad 
(Prat 900, ay ee a aoe eT 


Inserting the spin and the rotational parts thus obtained into (2,20), we 
obtain the equation for the vibrational part: 


1 Dae 7 _ ipa 
Ee pot {= Dee a2 es oe ee v Yes: lo + a ba pie 


ee Cy Bis + goof — BY (E: 2! El 9D) — K,| Pp, &)=0, 
(2, 28) 
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which will be solved in the following way. 


B :—Determination of eigen-values. 
We proceed now to the eigen-value problem (2. 28). We put 
ise 5 At aD Ants Grice ‘eb V K®,/¢ 


BAB GALE — VRE KS 


pee hte focoonke (2, 29) 


oe 
Hla 3! pitt + 
=3,|"— ats (é, "pf ED; ale 


Our purpose is to solve the eigen-value problem for the operator H! +A" 
+H,. To do this we notice that, so far as H! and A” are concerned, 
they are quadratic in coordinates and momenta. We may expect, therefore, 
that we can solve our problem by using the norma! coordinates. As to A’ 
it is easy to find out the normal coordinates : we first introduce Ef) and 7’ f) 
by the inverse transformation of (2. 3): 


=|eeet, 
pi=\ Pelt sa 0p i2pue-s (2. 30) 
Then in terms of this new canonical variables A’ has the form: 
H=+|{p (Or REE fat OVER Oat. 2.30) 


The potential energy for the coordinate €/(f) in the Hamiltonian (2, 31) 


Pot, energy=—g- KEE) KE Fb) (2. 32) 


and it contains the term linear in & (f), so that the position of the equilibrium 
for the “ f-th oscillator” is not the position é"(f)==0 but it is shifted from 


there by the distance 
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£(f).,=ly(A)/KV (2. 33) 


This shift of the equilibrium position gives the mean value of the f-th com- 
ponent of the field due to the existence of the nuclear particle: &(£)., gives 
the f-th component of the self-field. 

The linear term in (2. 31) can be removed, if we displace the co- 
ordinate origin for €’(f) to this position of equilibrium. Thus we introduce 
the canonical transformation from €/(f), p’(f) to &(£), 7/(£) by means of 


BIN er Fy) Qk) _ 
ea) =e (f) VETER 


A ()=2'(6). (2. 34) 
In terms of these barred variables H/’ is, given by 


“8 =+] P(E + Ks" rhat—f Fis, (2. 35) 


thus #’ has been brought into the normal form. 

Before entering to the transformation of A” into the normal form, it 
is necessary to see how A, is affected by the displacement of origin men- 
tioned above. We introduce thus (2, 33) into 4/4, Noting 


g) =|e(He(pat= | 2(fe(f)dt +2 | ie y (fat, 


we put 


JP @eddat=3, 


| fo vaat=v,, Sarit (2. 36 
then we obtain 
&/=€/ +/Y, (2. 37) 
and //, is expressed now in terms-of the barred variables : 
7 ea {m0 SY Yip, "SV Ela! ERD}. 2. 38) 
CY; +é/P 


Since the zero-point amplitude of & will be of the order of 1/KK, the 
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first term ZY, in the denominator of (2. 38) is very large compared with 
the second term &,/. We can, therefore, expand the factor 1/(/Y¥%)+éy)? in 


(2. 38) into a power series of 1/2 Expanding also the numerator of (2, 38), 
we obtain 


1 > V2 ae pa 
fi, = 4 Ur a PP NS tr a TS V2 ¢ 
1 D) es ex y sh’s ) TY? 22 y Ds + one esi + OPY? aah Pe Oa + AOR 2. 39) 
—_—_—_—_— SN Cees Sees Poreerore ss 
term of /, terms of 2! terms of /? higher terms 


We have written in (2, 39) the term of 7° completely, but among terms of 
f! only the term proportional to 7 and among terms of Z* only the 
term proportional to 7°. All these terms written in (2. 39) contain no 
singlly dashed variables and are quadratic in doublly dashed variables. 
Therefore, these terms added to A” can be treated by introducing the 
normal-coordinates. The terms which are not written in (2. 39) are, on 
the other hand, products of both singlly dashed and doublly dashed vari- 
ables and are higher degree than quadratic. These terms can not be, there- 
fore, dealt with by introducing the normal coordinates. But these terms 
are all small of the order of 1//, so that, if needed, their effect can be 
accounted for afterwards by means of successive approximation. 
We denote now these small terms by &, then we have 


A!’ +H,= 
1- ; 1 1 o | 
ERS I eee Se SET Loe St! VG mn PEED IW, a 
Feat Ll GF ay, (2! Yb") — THe 
me 
+t +R (2. 41) 


In order to eliminate the term se SV Y,p,! which is linear in 7”, we 
o 8 
displace here the origin of #” to its position of equilibrium by means: of 


the canonical transformation 


et EE | | peal 
Ps =? 1K; x; 


Hct (2. 41) 


Then H’’+A;, is reduced in to 
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H’+H,=HAil'+R 
2 
1 eT ae fa 1 P m2 Mm 
Bl = YB a cE opp, IVP + op Re, 
(2. 42) 
which contains no more the linear term. The term R in (2, 42) is the 


small quantity of the order of 1// and does not contain 7. The shift of 
the equilibrium position of ~,” owing to the linear term: 


ee ae 2. 43) 
Lavei LK, 8 ( 
gives the mean value of the s-th component of the self-field. 
The total Hamiltonian is now of the form 


H=H+H'+R 
Z Ba am ; tp & 
5 Kit ste tll ants EO aE 
+ BT” B+ 2 es ENE, ee y, (2! Pree R. (2. 44) 


In this expression H’ has already the normal form, and A’ is a quadratic 
form which can be brought into the normal form. 
Our next task is thus to find the normal coordinates for H,’’. But 


before entering to this problem, we shall notice that, neglecting the zero- 
point energy, (2. 44) gives 


a aie Mf 3 m 
Ko= go Bitorg (2. 45) 


for the energies of the lowest states of the system. We can see further 
that the first correction due to the term & vanishes and the second cor- 
rection does not contain 7, The dependence of (2. 25) on wm is, therefore, 
correct up to the order of 27’, 
We now see that (2. 45) agrees perfectly with the classical result 
(1. 33). In this way our expection, that the classical treatment will give 
the correct result is justified. 

We can also calculate the mean value of the self-field. As mentioned 
before, the shifts of equlibrium positions of the coordinates and the momenta 
give the mean values for the corresponding expansion coefficients of the 
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self-field. In fact, it can be shown that (2. 33) and (2. 43) give rise to 
the mean field which agrees in case of large / with the classical self-feld 
(15 32), 

In this way the first term of Wentzel’s solution gives the result agre- 
ing perfectly with the classical result. In the symmetrical theory, however, 
such an agreement is obtained when we first improve the classical result 
by replacing m’ by /(/+1). ‘ 

Such an agreement between classical and quantum-theoretical results 
is obtained also in the scattering problem as we shall show in the following.. 


C :—Scattering of a mesotron. 


If we neglect the small term &, the variables é(f) are already the normal 
coordinates for the total Hamiltonian (2. 44). This means that for the 
singlly dashed vibrations of the mesotron field the plane waves are already 
the normal modes. We obtain thus the result: in the approximation in 
which the small term FR is neglected the mesotrons polarized in the direc- 
tion of € (we shall call these mesotrons ‘radial mesotrons’’) are not 
scattered by the nuclear particle. 

In order to study the scattering of the mesotrons polarized in the 
direction perpendicular to €, (we shall call these mesotrons ‘tangential 
mesotrons ”) we must find out the normal modes of vibration for the degree 
of freedom with doublly dashed coordinates. Thus we require the normal 
coordinates for Ay’. 

The process of obtaining the normal coordinates is a purely classical 
one independent of quantization. So we shall regard, for a while, E/’ and 
Di! appearing in Hj” as ordinary c-numbers. Further, as it is more con- 
venient to represent the normal modes of vibration in the momentum repre- 
sentation in studying the scattering, we introduce the canonical variables 


a(t) and (f) by means of 
£," =a De(bat, 


p)' =|BOeAat. (2. 46) 


In terms of these variables Aj’ is found to be 
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5 


ae {eott) pita t { ate (aE 


Hit! = -\ aya = 


+E fAO wees 2 facrara 


—fetnxranatfenpats or {[eiu(pat}, a1) 


where «(f) and@(f) are thought as a set of coordinates and momenta which 
are ordinary c-numbers, The equation of motion for a(f) is then obtained : 


o(t)=— Kut) + {A — — zz }pol) eDahat 


Fe Fa rl KeDatat (2. 48) 
As is evident from the fact that (2. 44) does not eontain &,” and 9," 
with s=0, there must be one normal vibration having the wave form vot) 
and the vanishing frequency. In fact, it can be verified by inserting a(f) 
=(f). into (2. 48). Because the vibration of this wave form should be 
abcent for the tangential mesotron, our normal modes must be orthogonal 
to this singular mode. : 


This fact simplifies our problem. We may, namely, use the simpler 
equation . 


a(t) =— Kat) ++ Feld p(abat (2. 49) 


in place of (2, 28), because we may put [eoPa(hat=0 by the reason 
mentioned. 

Let the wave form of the normal modes for the vibration satisfying 
the equation of motion (2, 49) be denoted by P(t). Then, this $(f) is 
obtained by solving the integral equation 


(Ae F 2) w= qari) | Mo(Dy(dt, (2. 50) 


thereby the eigen-value P? gives the square of the frequency for this oscil- 
lation. Solving now (2. 50), imposing the boundary. condition saying that 
there exist at infinity only the incident, plane wave with the propagation 
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vector and the outgoing spherical wave scattered by the nuclear particle, 
we obtain 


by(t)=| d(f~p) —__&-sgol) g(t) 
$p(£) [ac p) K,+ ony LDP K?(K+P) 


U aN —iPt 
{pop + in9(K—P)} |: Pe (2, 51) 
where 
P=P+r, p=lpl. (2, 52) 


In this calculation we have neglected the terms of higher powers of P/AC 
assuming P<K. It is easi y verified that ¢(f) thus obtained is in fact ortho- 
gonal to @. . 

From. (2. 51) we obtain the scattering cross-section in the way described 
in §1, C. Using (2. 2) for yf) we obtain then 


wee (An°o(p)P, p): 4 (2. 53) 

DP KP + 4(4rg(oy ly | 
We have written here o” with double dashes because this cross-section is 
of the tangential mesotrons. We have stated above that the-radial meso- 
trons are. not scattered by the nuclear particle, so that we may write 

=); (2, 54) 
We assume now that the incident mesotrons is a positive one. This 

state of positive charge can be regarded as a superposition of the state 
polarized tangentially and the state polarized radially with an equal weight. 
Then we see that just a half of the incident pos-t.ve mesotrons will be 
scattered, and the scattered mesotrons wil be polarized tangentially. Now, 
the. state of tangential polarization can be regarded as a superposition of 
the state of positive charge and the state of negative charge with an equal 
weight, so that « half of the scattered mesotrons will have positive charge 
and the other half negative. Thus the probability for the incident positive 
meésotrons to be scattered keeping their charge is equal to the probability 
for them to be scattered changing their charge, and the cross-section for 
each process will de given by 1/4 of (2, 53): 

1 


O.= Co. =— 


oT ee AGA) HA ys (2. 55) 
4p KP + Ar y(pylpy 
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If we compare (2. 55) with our classical cross-section (1. 47), we find 
the perfect agreement. As stated before, the cross-section obtained is con- 
siderablly smaller than that obtained by the perturbation theory, and does 
never exceed the square of the wave length of the incident mesotron. 
Further this cross-section vanishes when the kinetic energy of the incident 
mesotron tend to zero, so that it is very small for slow mesotrons. 

It is here to be noted that Oppenheime: and Schwinger have calculated 
the scattering cross-section for the pseudoscalar mesotrons applying Wentzel’s 
method. They have found the cross-section of the same form as (2. 59). 
They have further interpreted the fact that it vanishes with vanishing kinetic 
energy of the incident mesotron as due to the situation that in case of 
pseudoscalar mesotron P-wave is scattered. But our result shows that also 
in the case of longitudinal vector mesotron in which S-wave is scattered the 
cross-section shows the same behavior. Wentzel has found, on the other 
hand, that in case of scalar mesotron, the cross-section does not vanish 
with vanishing velocity of the incident mesotron*. The ground for the 
different behavior of the cress-section in the pseudoscalar as well as the 
longitudinal vector theory on one hand and in the scalar theory on the 
other hand is thus to be found, not in the difference between S- and P- 
scattering, but in that the singularity of the self-field is in the case of scalar 
theory not strong enough and hence the inertia of the self-field is insufficient 
to reduce the scattering. 


D :—Limit of applicability of Wentzel’s method. 


As stated before, the method of Wentzel is based on the possibility of 
separation of the three kinds of motion. According to the statement in § 2, 


A, the condition for the separability of the inner spin motion from the 
vibrational motion is 


PEK'>1, (2. 56) 


* All formulas obtained in this paper can be applied also to the case of scalar mesotrons, 
if one use ; 


F(#) 1 

(& ae as and Hes, Rowe) 

K*) A 22 WV he 

instead of (1, 6) and (1, 11). In this way we can conclude that g, and g_ do not vanish for 
vanishing velocity of the incident mesotron. 
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and the condition for the separability of the vibrational from the rotational 
motion is 


ox? K 
P=. (2. 57) 


Because we assume K>zx, the latter condition requires stronger coupling 
than the former. 

Comparing (2. 57) with (2. 56), we see that (2. 57) requires the small- 
ness of the interval between rotational levels as compared with x. Thus 
the condition (2. 57) is the same as the condition for the existence of the 
stable proton-isobars. Wentzel’s method is thus applicable when and only 
when the coupling is so strong that stable proton-isobars are possible. 

We may consider, however, that this method will give sufficiently 
reliable results also when the weaker condition 


FSR SI (2. 58) 
is satisfied, because, in such.a case, among many vibrational degrees of 
freedom many are still separable from the rotational motion. In such a 
case proton-isobars are not stable in its true sence, but are metastable and 
will have considerablly long life. 

This situation will be‘‘explained more precisely: Let us imagine 
that the proton-isobar with charge 2 is metastable in the sence mentioned 
above. As this state is not stable, this proton-isobar will dissociate into 
ordinary proton and a positive mesotron (or eventually several positive and 
negative mesotrons). Now, in the initial state ofthe system, i.e. in the state 
ot charge 2 and no free mesotrons, all normal vibrations of the field are 
in the ground states. The total angular momentum 3/2 belongs in this 
state to the rotation of the system as a whole, so that this angular mo- 
mentum is so to speak shared to ail field oscillators. In the dissociated 
state, on the other hand, in which one ordinary proton and one positive 
mesotron are existing, one field oscillator is excited to the state of angular 
momentum 1, so that only remaining angular momentum 1/2 is shared to 
all oscillators. Thus, in order that a proton-isobar with charge 2 dissociates 
into an ordinary protou and a positive mesotron, one unit of angular mo- 
mentum of the total 3/2 units, which has been before dissociation shared 
to all oscillators, must concentrate to one oscillator. Since there are many 
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oscillators in our system* and majority of them are still uncoupled to the 
rotational motion, a considerablly long time wiil be required for this con- 
centration of the angular momentum. 

The existence of such metastable proton-isobars will be implied also 
by the calculation of the next paragraph based on a quite different founda- 
tion. This latter calculation will also suggest that such proton-isobars will 
decay not only into one definite final particle emitting a single mesotron but 
there are many possible final particles and, at the same time, several meso- 
trons will be emitted in these transformations. (To be continued.) 


* The number of oscillators is of the order of (K/zx)3. 
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Introduction and summary. 


The quantum mechanics of light was worked out first by Dirac 2a! ne 
method of quantum-mechanical description of light has been improved, and 
many problems on emissions, absorptions, scatterings, dispersions etc. of 
light have been treated in succession by many authors. ‘However, the pheno- 
mena involving circularly polarized photons have not yet been fully dis- 
cussed, so far as the present author is aware of. 

The most familiar one of such phenomena in an elementary process 
-may be the emission of spectral components in the direction of a magnetic: 
field in the case of the normal Zeeman effect. The polarization of these 
components has not yet been explained on the basis of the quantum 
mechanics. Its consequent explanation has been ignored since Lorentz 
gave it by his electron theory which loses now its general validity. 

The purpose of this paper is to work out the quantum mechanics of 
the circularly polarized light in the form convenient to a practical use. For 
this purpose the quantum mechanics of a system of photons with definite 
momenta is summarized in the form independent of their polarizations in 
the first two sections. The Hamiltonian, the momentum and the spin an- 
gular momentum of the system are given by the equations (2. 4). The 
former two have their eigenvalues in this basic states of a second quantiza- 
tion. 

We next discuss the transformation of polarization vectors of photons. 
The transformation from a state of linear polarization to a state in which 
the spin of the system has also its eigenvalue is determined. We find that 


—<——$——$————————— 


(1) P. A. M. Dirac, Proc. Roy. Soc. London (A), 114 (1927), 248. 
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such a transformation is unique except a trivial transformation such as (3. 
90). It is essentially given by (3. 16) and (3. 17). The energy, the 
momentum and the spin of the system are transformed into those given by 
(3. 21). 

In the fourth section a system of circularly polarized photons is dis- 
cussed. We find that the spin has also its eigenvalue in this system. We 
have seen in the previous section that such a polarization state of photons 
is unique. The basic states of the second quantization in which the spin 
of the system has its eigenvalue are therefore those of an assemblage of 
circularly polarized photons, and vice versa. In the fifth section the eigen- 
function of a system of circularly polarized photons is determined. 

In the second part the interaction between photons and an atom or a 
molecule is represented in the form ready to use in the case of any polariza- 
tion, and the general theory is applied to the polarization of spectral com- 
ponents emitted by an atom in the direction of an applied magnetic field 
in the case of the normal Zeeman effect. The complete agreement between 
our theory and the experiment regarding their polarization is verified. 


1. Canonical description of light as a system 
of plane waves. 


According to the Maxwell equation, the electromagnetic field (H, H) 
of a light wave is solenoidal, and it can be described by a solenoidal vector 
potential A as follows: 


je a PS ae ee winsleéhial } 
a . 


The energy, the momentum and the angular momentum of the field are 
given respectively by 


ih qawig, oe 
H =e + Hav 
cae, 
@=_--|[nayer (1. 2) 


ieee || ataery Jer 


where the field and the integrals are assumed to extend over all space. 


i) 
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This assumption invelves that of the convergence of the integrals, con- 
sequently the sufficiently strong vanishing of the integrands at aie 

The last integral can be divided into two parts by partial integrations®’ 
on account of the last mentioned property of the integrands : 


J=L+S (1. 3) 
where 
tor he ; 
Te \z E,lavl4av 
(1. 4) 


A on 
s =~ -|[BAyv 


This resolution corresponds just to Darwin’s® in a space of propagation 
vectors of plane waves. he above resolution does not depend on the 
special representation as Darwin’s. JD means the quantum-mechanical orbital 
angular momentum of the field. The reason will be explained in the paper 
which will shortly be published in this journal. is therefore the spin 
angular momentum of the field. 

The vector potential satisfies the wave equation : 


eA pela 0 (1. 5) 

C 

Now we assume the space to be limited in the sufficiently large cuve V of 
edge length »Y 7. The general, solenoidal and real solution of this equa 
tion is then given by the superposition of transversal plane waves : 


(2) Substituting the rotation of the vector potentiol for the magnetic field in the integrand 


of the last integral of (1, 2), we have: 


3 

ga2N{s Ejlaev 4; le(Ev) Al fav 
Anc J \j=1 

Owing to the solenoidal properly of E, the latter term becomes the form of (1. 4) by a partial 


integration. 
(3) C. G. Darwin, Proc. Roy. Soc. London (A), 136 (1932), 36. It is cited, in W. Heitler, 


Quantum theory of radiation, (1936) p. 63, that the angular momentum of light is carefully dis- 
cussed in a paper by N. Bohr, C. Mannebeck, G. Placzek and L. Rosenfeld. ‘to my regret I 


can not see this paper. 
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Ate noe uth x {e,(he) Ah) sin (wt— Kat + ¢,(k)) 


Gis 
+€,(k) (Kk) sin (wt— Kea + e(k)} (1. 6) 
where 
aa a Se eee (1.7) 


e,(k)e.( kh) =he,(k)=ke,(h)=0 
(1. 8) 


le,(%)|=|e(%)|=1 
e,(k) and s(K) are arbitrary phase constants which depend on the propaga- 
tion vector A, and the summation extends over whole lattice points of K- 
space. It is to be noted that the K-lattice space does not contain an origin, 
The quantities contained in the above expressions are all real. Each sum- 
mand of (1. 6) represents in general a elliptically polarized wave including 


a linearly or a circularly polarized wave. 
if we introduce the variables 


O.= (Ke) A,(K) sin (wf+ =,)+ (Ke) A,(h) sin (wt + £9) (13,9) 
they satisfy the equations of two dimensional isotropic harmonic motion: 


P+ 0Q.=0 (1. 10) 


and the Fourier expansion of A is given by” 


_ | 4a pag Fe 
Ale. ti=sc At (a+ 9-4) cos hei KO = 9-2) sin kee (112) 


where the summation extends over one half of lattice points of the k-space, 
ie, over one of the two sets of K-lattice points which are complementary 


(4) It is to be noted that the Fourier coefficients contain q or q. This point has been 
misunderstood in W. Heitler, Quantum theory of radiation, (1936) p. 41. 
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in the A-space and transform mutually by an inversion of the A-space. 
The Parseval identities fos HZ and H are 


| Bayan > ok \(q,+¢- 7. +o 7-+¥| 


half’% 
(1, 12) 
| HaV =2r 5 ~ Cre + aq), + 7+) 
The energy is accordingly given by 
= 3 (gi? + ata?) (1. 13) 
2 whole te aes 
Hence, if we introduce a momentum defined by 
Pi =X: . (1, 14) 


the equation of motion (1. 10) can be written in the canonical form, And 
we can consider the field as a system of two dimentional isotropic harmonic 
oscillators, q, and p, being their canonically conjugate coordinate and 
momentum. Each oscillator corresponds to a running plane wave with a 
definite propagation vector. An oscillator characterized by & will be referred 
to as k-oscillator. 

Using these canonical variables of oscillators, A, H, G and S can be 
written as follows: 


via f ES (qa, cos ka ——+-p, sin kar) 
V wholek w 


1 
H= 2 iA 

F wise Det oa) (1. 15) 
G eel xy pit wr) 

2 wholed @ 
S = a [ape] 


wh 


The last expression is independent of the position of the coordinate 


(5) It is notable that this expression contains the cross- -products qxq—x% and qiq-x. This 
point has been often overlocked in the standatd text-books, e.g. W. Heitler, l.c., G. Wentzel, 
Geiger-Scheed’s Handb. der Phys., 24/1 (1933), 740, W. Pauli, ibid, 247. 
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origin of the configuration space. It represents a sum of eigen-angular 


momenta of plane waves. 


2. A system of photons with definite momenta. 


As is well known, if we consider the system as an assemblage of two 
dimentional quantum-mechanical oscillators, the eigenvalues of the energy. 
of the system are, owing to the second equation of (1. 15), given by 


E=S) fo(NM,.4+1) (2079 
: whole & 
where WV,(=0, 1e2scnas ) is the quantum number of the two dimensional 


k-oscillator. This quantum number is interpreted as the number of photons 
with momenta 4K which will be referred to as K-photons. D, and q, are 
their canonically conjugate Hermitian vector operators, which satisfy the 
well known commutation relations. . 

If we introduce new operators by a reversible transformation 


= 


gre oe ers 
a,= aCe 5] P:) (2. 2) 
the Hamiltonian of K-oscillator is then written as 
1 2 2,.9 F ' 
ae (pi +g?) =ho(a,ra, +1) (2. 3) 


where + means the adjoint. These new operators are not Hermitian. The 
old Hermitian operators gy, and p, are respectively the Hermitian and skew- 
Hermitian parts of @, except their factors. WV ed Bee 5 935 00s 2 ) is the 
- eigenvalue of a Hermitian operator @,/@, which represents the number of 
| k-photons. The infinite zero-point energy of (2. 1) can be excluded by 
omitting 1 in the parenthesis on the right-hand side of (2. 3). We adopt 
this representation of the Hamiltonian throughout the present paper. 
The equations (1. 15) are then transformed into 


A= Qa 33 _i_ thx --,—tke 
2 V Kae ea (me + aye ) 


H= 3) hoa,\ a, 
Whole k 


= fae (2, 4) 
G noe RQ; A;) 
c— abe [a,;a,] 


wholek 72 


Quantum Mechanis of Circularly Polarized Photons 131 


We see that the energy and the momentum have their eigenvalues in this 
second quantization with the basic eigenstates of photons with definite 


momenta (with arbitrary polarizations): a #-photon has a energy fw and 
a momentum 4k. 


3. Transformation of polarization-vectors, 


The results of the preceding sections are independent of polarization 
states of photons. In this section we shall consider the polarization states 
of photons. As we shall confine ourselves to photons with a definite pro- 


pagation vector Kk, we shall omit suffices K’s from all expressions, until 
there will be a need of them. 


Consider an unitary transformation S of two basic unit vectors of k- 
photons in a plane perpendicular to its propagation vector Kh: 


€/ =e, Sy. + €2So1 3. 1) 


€ 2! = Ey Si9 + Co Soo 
SS SS }=1 (8, 2) 


where e, and @ are the real unit vectors defined by (1, 8). e,/ and e,’ are 
then complex in general and orthonormal in the sense of the unitary geo- 
metry. The coefficients of the transformation are given by Hermitian inner 
products (not by ordinary scalar products) : 


Sy=(&, ef) 47=1, 2. (3. 8) 
If we expand @ by e, and e, or by e,’ and @,’: 
aA=O,% + €oQ2= 01 ay! + @o! ae! (3. 4) 


the transformation of the coefficients of these expansions is contragredient 
to that of the base: 
. = Say + Sioa’ GB. 5) 


: / 
Ag = Soy" + Soo 


The commutation relations for a, and @ follow from those for g and 
Pp: 
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Quay —aia= Anltgt - asta=1 (2. 6) 


all other pairs being commutative. The eigenvalues of the Hermitian 
operators asta, and ata, represent the numbers of linearly polarized photons 
with the planes of oscillation respectively parallel to & and e [see (1. 1) 
and (2. 4)]. On account of the unitary property of the matrix S, the above 
mentioned commutation relations are invariant for the transformation. Fur- 
ther, the number of A-photons is invariant also, for it is represented by an 


invariant operator 
aya=ajtat ata =a yay! + a2 fae. (3. 7) 


The energy and the momentum are therefore invariant. 
We define the canonically conjugate Hermitian operators 9 and 7p, of 


_k-oscillator with j-polarization as the Hermitian part of N 2h a, and the 
@ 


skew-Hermitian part of “2% @% respectively (7=1, 2): 
Tene (ajv+ a) 
w 46.45 
for arts 
ts =, teitat— ay) 


The commutation relations of these operators are obtained from the com- 
mutation relations (3. 6) for a and a, as follows: 


(3. 8) 


AN—-ANn= Kee — progo=th (3. 9) 


all other pairs being commutative. As the commutation relations (3. 6) for 
a, and a, are invariant, (3. 9) is also invariant. 

It is to be noted that g,', gs’, pi' and f,' are, in general, not equal to 
the Coefficients, (e,,@), (€:’,@), (@),) and (e.’,p), of expansions of g and 
p by the transformed base e;’ and e,’. The transformation of former two 
or latter two of these coefficients is cogredient to that of a, and a, The 
Hermitian properties of the operators can not be reserved and the com- 
mutation relations (8. 9) are no more invariant for this transformation of 
coefficient in general. The transformation of the operators 4%, g2, ~,; and /»2 


ai diovan meat 26 bs : 
see by (8. 8) is, in contrast’ with these coefficients, given by an over- 
matrix derived from S: 
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R ~—« 
( Pt Rth\ 4 aa 
9. 92 Di Pe! = (9192h1 Po) sie P. (3, 10) 


w 


where & and 7 are respectively the real and the imaginary parts of the 
matrix S (but not the Hermitian and the skew Hermitian parts). ag 
The most general unitary transformation is given by 


e* cos y er oet sin 
S = ) (aut) 


— pt(8a—8) sin Q p82 cos @ 
where 6,, 62, 6, gy are the real independent parameters of the transformation. 
If we write the spin angular momentum of A-photons as 


se [aya]=[e,e.]4 A (3, 12) 


the operator A is Hermitian, and its representation is given by the trans- 
formed operators as follows: 


A= = (a fa/}— al'tay)){sin’ gy cos (0, —4,+20) + cos’ g cos (6,— Dy 


+(a/ta/+ astia/){ sin? g sin (@,—0,+ 20) — cos’ g sin (,—4,)| (3. 13) 


+ (ata! — aa’) sin 2g sin (6,—0,+ 8) 


In order that the representation of , is invariant, the factor of the 
first term of (3. 13) must be equal to unity and the factors of the second 
and the third terms must vanish, for 0;=0.=@=g=0 corresponds to the 
identical transformation. We can easily find that the transformation satisfy- 


ing these conditions is 
cos ¢ sin g 
S =e ( \ (3. 14) 
—sing cos y/ 


This means that the transformation is essentially the rotation by an angle 
y of €, and &, because the trivial transformation S=e*® is inessential. In 
‘ other words, the representation of the spin angular momentum given by 


[ee] ae (a;}a@,— af) is characteristic for the basic states of linear poiari- 


zation, 
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We shall next seek for a transformation from a base of linear polari- 
zation to the base in which the spin angular momentum of the system is 
represented by operators having eigenvalues. The condition for this require- 
ment is that the factors of the first two terms of (3. 13) vanish and the 
factor of the last term is equal to unity. This gives 


1 ¢81 gba : ” 
= -Fs( ef pe: 


1% = 2 


A product of (3. 14) and (8. 15), in which the latter is multiplied from 
right, is also a required transformation, but this is neither more or less than 
(3. 15), We find in fact from the result of carrying out this multiplication 
that this product can be obtained by simply replacing 6,+0+9 and 6,+0—9 
instead of 0, and @, of (3. 15) respectively. 

As the trivial transformation given by (3. 20) below is inessential, we 
can put 6,=0,=0 in (3. 15). In this case we write a and a, in place of 
a/ and a’, and further et and e7 in place of e,/ and e’. We have then 


iL ; 
an Way (a a 10) 
(3. 16) 
8 : 
a, = ay (a + 1a) 
and 
colle (e, + 7.) 
Sd 1 2 
(3747) 
ee (€,—7e,) 
ae4 Vo 1 2 
The representations of @ and , become 
a=eta+ea, (3. 18) 
A =ajia,— 4,4, (3. 19) 


The transformation which reserves this representation of / invariant is 


e282 O 
wes 3. 20 
(| me ( 


= 
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which is inessential. We see that the required transformation is unique 
except this trivial one, and that it is therefore given essentially by (3. 16) 
and (3. 17). 

The energy, the momentum and the spin of the whole system are now 
given in terms of a, and a, as follows: 


H= 31 ho ait(Ie)a(k) + a-i(e)a,(i)| 
= ¥1 Hh aii(e)ak) +a,4(k)a,(0)} (3, 21) 
S= ¥ [ei(ke,(k)]h{ art(Iea(de) — a, (Ha,(I0)} 


As the commutation relations (3. 6) are invariant, afa, and a,fe, have 
integral eigenvalues /V, and JV, respectively. The energy, the momentum 
and the spin of the system have their eigenvalues in this representation. 
Especially the eigenvalue of the spin is. 


& Les(le)eu) Hi VAR) —Wv,(i)} (3, 22) 


As will be seen later in the next section, V(K) and N,(k) represent the 
numbers of left-circularly and right-circularly polarized A-photons respec- 
tively, when @€,, €, and #& are a right-handed system. Thus we see that a 
left-circularly polarized photon has a spin +1 directed to its propagation 
vector & and a right-circularly polarized photon has a spin —1. We can 
conversely say, on the basis of the above deduction, that the state of photons 
having the definite energy, momentum and spin is a circularly polarized one. 

Lastly we shall get the canonically conjugate operators of a circularly 
polarized K-oscillator. According to (3. 10) and (3. 17) they are given by 


i 1 
71 =s5(2 et + 7) 


ere sol — wg) (3:23) 


1 i, 
= glen p.) 


aed 
Pr = oe an wg) 
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4. System of circularly polarized photons. 


We shall now consider a system of circularly polarized photons and 
show that the Hermitian operators a;fa, and a,ta, defined by (8. 16) repre- 
sent really the numbers of left-circularly and right-circularly polarized 
photons. 

The general solution (1. 6) of the wave equation (1. 5) can also be 
resolved into the superposition of circularly polarized waves : 


A(x, )=c,/ aes | 4) {¢,(Xe) sin (ot—ar-+ elt) 
—e,(Ke) cos (wt— koe +e,(Ik)) | +A, (Kk) {e (Ie) sin (wt— Kea+e,(k)) 
+0,(k) cos (wt—Ieac+¢,(K)) }] (4.1) 


where e,(7) and e,(k) are the real unit vectors defined by (1. 8). In 
this section we shall assume that e€,, €, and K& form a right-handed system. 
The terms involving factors with a suffix / then give left-circularly polarized 
plane waves of light [cf. (1. 1)], and those with a sufix 7. give right- 
circularly polarized ones. (A) and ¢,() are phase constants of left- 
circularly and right-circularly polarized waves respectively. The vector 
potential given by (1. 6) is the same vector function as that given by (4. 
1). These are two representation of the same function by two different 
sets of basic functions. 
If we put 


Qk) = Ade, sin (wf+e,) —@.cos (wit ¢;) 


(4. 2) 
q,(k) =4,{e sin (wt+¢,) +é,cos (wt+e,) } 


and 


the canonical variables of a K-oscillator defined by (1. 9) and (1. 14) are 
decomposed as follows: | 


= Ok) +9,(k) (4, 4) 


P.= PAR) + p,(k) 
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From the definitions (4. 2) and (4. 3) we have 


La, Pp) +[¢.p,]=0 


Pip, + ORAS =) 
1 


[a.Pi] = [e,e.] 3, (i+ ogi) ee 5) 
[o,p,]= — [ee] a (p; + o'¢;) 


where suffices k’s are omitted from all the quantities for the sake of sim- 
plicity. | 

We substitute the right-hand side of (4. 4) for @/s and p,’s in (1. 
15), and make use of (4. 5). We have then 


1 


H= Fe dp, (Pi) +0°Qi(k) +p(k) +0’ (k)) 
= 1 k 2 » 9 9 2 py2 
Ga = (i(k) +o'ai(k) + p(k) + o'g-(k)) (4. 6) 


wholek @ 


2 

g = x (ae (pcx + 0'ai(t))— @H®) +0°000)| 
4 wholek @o : 

The position vectors g,(#) and q,(k) satisfy an equation of a simple har- 

monic motion also. We can consider these position vectors as that of two 

independent oscillators which represent left-circularly and right-circularly 

polarized plane waves of light respectively. 

We now consider the system as an assemblage of quantum-mechanical 
oscillators representing these circularly polarized lights. As is seen from 
(4. 6), the energy, the momentum and the spin of the system have their 
eigenvalues in this case. The basic states of this representation are there- 
fore essentially the same as those characterized by the polarization vectors 
defined by -(3. 17). 

Two pairs of the canonically conjugate Hermitian operators of a K- 


oscillator satisfy the commutation relations 
O:Pi— PN =LPr~ PiU = 1h (4. 7) 


all other pairs being commutative. Due to the definitions (4. 2) and (4. 
3) these operators can be written in the form 


138 Gentaro ARAKi 


N = F(a ~+ expr) \ 


1 
Di= ewe + we291) 

1 1 (4. 8) 
LS SG 5 se art —ep,) 
DP, = (€:2,— W€29r) 


for a definite kK. The commutation relations between the transformed ope- 


rators follow from (4. 7): 
Qiti—PiQ= Fr br — Pre = th (4. 9) 
for a definite K, all other pairs being commutative. Further we have 


Pte Q=Lfit ogi 


(4, 10) 
D+ OR=L.+ WG, 
The transformation (4. 8) is consequently canonical. 
If we put 
a, = (a ++ p) 
. (4. 11) 
a= fo. (a+ at 
for a definite A, we have by (2. 2) and (4. 4) 
a,=a,(k) +4a,(k) 
a,= et ay ath :) 
BapNehio tar akt (4, 12) 


anole (ot Lp) 


where e+ and e~ are the complex vectors defined by (3. 17). It follows 
from the definition (3. 18) and the result (4. 12) that 
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=< w 2 
ais 9|-s (0+ 2) 
wai few ge 
aay yA (a+ 7) 9) 


where a, and a, are the operators defined by (©. 16). Comparing these 
equations with (3. 8) we see that the operators 9, fu 9 and #, defined by 
(4. 8) are just the same as those transformed from @, and a, according to 
(3. 8), namely those given by (3. 93). The operators a and a, defined 
by (3. 16) are therefore those of left-circularly and right-circularly polarized 
photons respectively, and the Hermitian operators ajt(k)a(k) and a,\(k) 
a,(k) represent the numbers of those photons. This conclusion is just our 
required answer to be proved. 


(4,13) 


5. Eigenfunction of a system of photons 
with a definite spin. 


Consider a system of photons with the definite momentum and spin. 
We shall determine the eigenfunction of this system in a g-representation 
of linearly polarized state : 


YW=A:0. + CoGs 


4 9 4 9 Gal) 

> ie Co 

2 Adee az MOOR, 

where e€, and € are the real unit vector defined by (1. 8). If we introduce 
the polar coordinates : 


tt pd (5,2) 


wW 


i as 12 ae 


the spin operator [(3. 12)] and the Hamiltonian of the system are given by 


rigs gatas 
‘aff (5.3) 
cit Ham pe Diath 8 NAY tm 25 

tet OS oa p op op Si pita yy 


which are commutative. 
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We shall get the simultaneous eigenfunction of these operators. Let 
their eigenvalues be denoted respectively by 4 and Vw [see (3. 21)]: 


A=N,—N,, N=N,+N, (5.4) 


The eigenfunction is given by a linear combination of products of eigen- 
functions of linear oscilator : 


$n, 100, $Y =Z cat MP HAE) Hy (6) (5.5) 


where (x) is the Hermite polynomial of degree m, and €,(¢=1,2) stand 
for ek (¢=1, 2). The coefficient c, is equal to the product of the 


matrix element of the transformation of eigenfunctions from a linear polari- 
zation to a circular polarization multiplied by a normalization factor of the 
former eigenfunction : 

1 


Cr =(Pm,, Nay dm, >) ey, ce (.=N- N;)_ (5. 6) 


27N,! V2! 
where $y, m and gy, x, ate respectively the eigenfunctions of linearly pola- 
rized and circularly polarized photons, and the parenthesis means a Hermitian 
nnier product. This coefficient was discussed by Pauli® from a standpoint 
of a transformation of polarization vectors. We shall calculate $y, , ON an- 
other point of view. 
The dependenee of ¢y , on ¢ must, due to the first equation of (5. 3), 
be exponential with an exponent 24g. Comparihg (5. 2) and (5. O), its 
easily shown that this eigenfunction must be of the form 


Py, (P,P) =ese* Pd *ee( 0?) (5. 8) 


where u(x) is a polynomial of degree 4(V—[A}). In order that this is an 
eigenfunction of the Hamiltonian given by the second of (5. 3) correspond- 
ing to its eigenvalue Viw, the polynomial u(x) must satisfy the equation 


Pu (\altl 4) du ,N—aj | 
fe lee pre ane (5. 8) 


This equation can be obtained by differentiating |A|-times the Laguerre 


(6) W. Pauli, Geiger-Scheel’s Handb. der Phys., 24/1 (1933), 252. 
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equation. The polynomial w(x) is therefore equal to the |A|th derivative 
of the Laguerre polynomial of degree 4(V +|a]). Letting the norm of thus 
obtained eigenfunction be equal to unity, we have 


{a} 
ua) =Cy, eg Ea), 8+ IA) 
N=, (5. 9) 
Cy, x= & ONE ee < 
N,% N, A Th N+|4| \) 
laa, 


where €y,, is a constant with its absolute value of unity. 
In order to determine the factor €y,, we consider operations by @ and 
a, These operators are, in the polar coordinates, given by [see (4, 13) and 


(3, 23)] 


. caseais (5. 10) 
a= pee p+ 5 
Carrying out the differentiation we have 
ain 5= Cx, eg OLE-M(e?) for A<0 
(5. 11) 


(A-1) 8 ,—34P2 pA-1 ad on ] i iL! 2 f A>0 
Cu, ete HI (La) MLPA) forte 


where 2 stands for aa 4{a|). If we make use of a recurrence formula 


for the Laguerre polynomial, the last equation reduces to 
apy, = —n Cy chee A-AL IN () for AO (5, 12) 


The result of the operation of a, on the eigenfunction can be obtained in 
the same way. ne 

From these results we see that if we choose éy, ,=(—1)”™ in case of 
720 and fy, i= 4-1)” I case of A<0, and further if we replace an eXx- 


plicit notation om, » in place of #y, », the results of operations of @, and @, 


become the well knowa forms : 
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ad, Xr VN, Py,-1, Nr 6 13) 
AP m1, np= VN, Px, Nyt 


The required normalized eigenfunction is thus given by 


bu, xn (Q)=(—1)",/ 2 NV} iM—Np) 8 y-¥402 yN—Ny LYN?) 


Th (N,1)° 
for MZN-\ (5, 14) 


“Uk aa a ee ee Te 


for V, <M, 
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On the Correlations between Mesons and Yukawa Particles*. 


By Shoichi Saxata and Takesi INOUE. 


(Received Sept. 18, 1946.) 


Introduction 


1. At the present stage of its development, meson theory, which 
generated from the original idea of Yukawa, is confronted with several 
grave difficulties. Perhaps some of these difficulties, as has on many occa- 
sions been pointed out by Heisenberg’, have . close connections with the 
existence of an “universal length” that limits the validity of the present 
relativistic quantum mechanics. But on the other hand,. it seems very likely 


_ too, that some of them are not of such essential nature, but of complicated 


character. Im fact, it was recently shown that certain problems are of purely 
mathematical nature which results from an inappropriate application of pertur- 
bation theory as had been insisted on by Bhabha® from earlier times, and 
if the reaction of field is properly considered, can be removed™®, The 
object of the present paper is to show that a sequence of difficulties can be 
removed by the modification of the fundamental nature of elementary 
particles from a new stand-point. 

Initially, the Yukawa theory was proposed in order to explain the 
problems of nuclear forces and beta-decay phenomena jn unification, and 
the identification of the particle introduced in this theory (Yukawa particle) 
with a new particle discovered in the hard component of cosmic rays 
(meson), at once led to theoretical stand-point from which very clear and 
reasonable accounts could be given for many problems on cosmic ray pheno- 
mena. For example, the theoretically anticipated instability of the Yukawa 
particle gave reasonable accounts for various effects on the variation of 
intensity of the hard component in cosmic rays (temperature effect, density 


effect etc.). But the more precise and quantitative the comparison between 


ee Se 8 A 
(*) The content of this paper was read before the symposium of the meson theory heid 


on September, 1043. The printing was, however, delayed owing to the war circumstances. 


144 S. SAKATA and T. INOUE. 


theory and experiment became, discrepancies manifested themselves so much 
the more markedly. For the lifetime of mesons, experimental results exceed 
the theoretical by 10? in magnitude®. On the other hand, for: the cross 
section of slow mesons with energy 2—20x10°eV, maximum estimation 
of experimental results gave a cross section smaller than the calculated 
one by 10°? in magnitude. In order to remove these difficulties, many 
trials™ have been made by several authors, but they still seem unsatis- 
factory. In this paper, with the main aim to solve the above-mentioned 
two difficulties simultaneously, we propose a new theory of mesons. deve- 
loped from the stand-point based on the following assumption: the meson 
is an elementary partule which has close correlations to the Yukawa particle, 
but it should be considered as an elementary particle of an different sort. 

For a meson theory from such a stand-point, two alternatives are 
possible: Bose meson and Fermi meson theory, In the following, we 
adopt the latter alternative. 


Interaction between Meson and Yukawa Particle. 


2. According to the Yukawa theory, heavy particles (nucleon) and 
light particles interact with Yukawa particles by the following process 
(schmatically represented) respectively : . 


P2N+Y™, WV Paes (1) 
Cae ey yet Yt, (iI) 


(P: proton, V: neutron, e7; electron, v: neutrino, YV*: positively and 
negatively charged Yukawa particles), 

In out theory, it is assumed that the meson is a Fermi particle with 
spin %/2, and furthermore corresponding to (1) and (II) the following 
interactions are introduced : : 


m* n+ Y*, ate VF, (HT) 


(m* ¥ positively and negatively charged meson, 2: neutral meson which is 
assumed in the following discussions to have a negligible mass, and con- 
Sequently may be regarded as equivalent with the neutrino), 

Furthermore, if we introduce a neutral Yukawa particle (Y°) in order 
to explain the proton-proton and neutron-neutron forces ‘and set up the 
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following interactions : 
Peay. Wee dV + Ys, (1') 
it would be natural in our theory to introduce the following interactions 
RE eet V fie -iVe-oaly » (III’) 


In the following, results obtained by the introduction of new interac- 
tions (III) and (II’) will be discussed. Consequently, it is concluded that 
if g, g’ and 7 are the natural constants which represent the strength of interac- 
tions (I), (II) and (III) or (III’) respectively and we adopt as their value 
e/tic~107, 2!*/tc~10-® and 7°/fic~10~, it is possible to account for the 
phenomena in atomic nuclei and cosmic rays consistently, without aiming 
to touch the inherent difficulties of field theory. 


Mass and Lifetime of Yukawa Particle. 


3. For phenomena in atomic nuclei (nuclear forces, beta-decay etc.), 
Yukawa theory is conserved in its original form. But it is to be noted 
that the particle with mass determined from the range of nuclear forces, is 
the Yukawa particle and not the meson found in cosmic rays. This point 
is advantageous to explain the experimental results® about nuclear force 
range (%/1,c) which gives half the value (%/yc) obtained from the meson 
mass data (m,,: mass of Yukawa particle, #: mass of meson). In order 
to account for these results, ,=2y is a reasonable assumption. More 
generally speaking, it is allowable to assume 7,> f. 

4. As the consequence of the above assumption 77, > 4, it becomes 
possible that a Yukawa particle transforms into a meson in vacuum by the 
following process (spontaneous atsintegration of Vukau'a particle) : 


Y* —> m*+n (m,> P) (IV) 


The reciprocal of the proper lifetime of Yukawa particles (4) calculated in 
vector theory is given by the following expression 


where 7; and 7, are the constants of vector and tensor interactions respec- 
tively. If we assume ~10 ° tic, 72~107% fic (as later shown, these figures 


146 S. SAKATA and’ T. INOUE. 


are compatible with the considerations of meson decay), we obtain 4y~10-" 
sec. for 7,/H#~2. (Mean free path of Yukawa particle with the energy 10” 
eV. is about 10-8cm). Naturally these values depend on the ratio ™,/#. As 
m, approaches p, the lifetime of Yukawa particles is prolonged by the last 
factor in (1); and the limit #,=y, it becomes infinite. But in this case 
the Yukawa particle decays by the original process Ye +». Consequently, 
the lifetime of the Yukawa particle does not become greater than 10~* sec, 

5. Process (IV) represents the creation of the hard component in 
cosmic rays. For the analysis of cosmic ray phenomena, we shall take up 
proton primary hypothesis which has been proposed by Schein et al.%. 
Then primary incidental protons at first create Yukawa particles by colli- 
sions with nuclei of V or 0 atoms existiug in the atmosphere. These 
Yukawa particles transform into mesons instantaneously by the above process. 
The interaction of the latter with matter is smaller than that of the fermer 
(y<g). Thus we observe these mesons as hard components of cosmic-rays. 
Previously, Nordheim“ in his analysis on cosmic-ray suggested that the 
absorption process of hard component must have cross sections smaller by 
a factor of order 10 compared to the creation processes. This difficulty, 
which indicates an asymmetry inconsistent with the original Yukawa theory, 
is overhelmed by the insertion of process (IV). 


Decay and Scattering of Meson. 


6. According to our theory, the decay of mesons occurs by following 
process : 


+ 
ie ERRNO yi Ae tate. (V) 
. The reciprocal of the proper lifetime of mesons (t)) in vector and pseudo- 


scalar theory are given as follows, where /, 7 are interaction constants in 
pseudoscalar theery corresponding to g’, 7 in vector theory. 


DS pe | fer pe (eas \ He 

ra ae ed a a ae Cee 
A pe AK) jo 1 (Bi) jo\> (2’ seudoscal 
Gs) P+ Ge} aati pees 
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Fe bon tt a A’ +870 4?+670 44603 A(A +1) (54412446), 


(1+ A)? 1440 94 
A+1 
x log er \, 
ive ies ve eg a rae ee 
eats ade 1446 AG? AT TAY | 
(3) 
ones Ababa 
6A41 A(3A+2) A+l1 1 il 
1°) = _— CS ——— 1B) ne ne 
: 16 8 eR 1 = Ty Ay 480" | 


A=()—1. 
B 
The value of t, determined from experiments is about 10-* sec. Using this 
value and characteristic constants of beta-radioactive nuclei, which depend 
on constants g’ or f’, we can determine the value of interaction constants 
y or 7. Using only the first term in (2), we can determine 7j~0.025 tic 
for m,/p~2. Determining 7. from the second term only, we obtain a 
magnitude of the same order. 

7. Introducing the neutral Yukawa particle and taking interaction 
(III’), the scattering of mesons occurs by the following process : 


mt+N—mt+YV°4+4N> mi +N (VI) 


The cross section of these processes is determined by the interaction con- 
stant of (III’). Taking the same constant 7 of (III) for this (analogous 
to Kemmer’s symmetrical theory of nuclear forces), we have to examine 
whether the above-determined 7 leads to a cross section consistent with 
scattering experiments or not. Furthermore, ‘we must take into account 
the following process which has a probability of the same order of magni- 


tude as that of the scattering process. 
mt+N— mt+Y~-+P—>2t+P (VI’) 


If the cross section of the latter process becomes appreciably large, it is 
provable that an attempt to account for the creation of neutral mesons by 
this process may lead to a contradiction with experimental results. From 
these considerations, it is desirable to take as small a value for 7 as 
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possible*?*, In fact, taking into account that expressions (2) and & y 
consist of two terms which iavolve gi, £2 (or (i's /’) separately, and adjust- 
ing their values properly, we can make the values of 7's sufficiently small. 
For example, in-the vector theory if we assume g,=0, then £, becomes 
irrelevant to the P-decay process and we can choose a sufficiently small 
value for 7. Furthermore, if it is assumed that meson decay occurs by 71- 
interaction only, the choice of 72 can be determined from the scattering 
cross section freely. In pseudo-scalar theory, if we take into consideration 
that f, 4’ are not responsible for nuclear force and $-decay process respec- 
tively, we can make 74, 72 sufficiently small simultaneously in an analogous 
Way. 

In the above consideration we took up the symmetrical formalism. 
But even if we assume that for the interaction with heavy particles the 
interaction constants of Y° are greater than that of Y~ as in Heitler’s theory 
or Bethe’s neutral theory, it is still possible to make 71, 72 sufficiently small. 


Some Remarks on the Results. 


8. As shown above, there is certainly a possibility that the contradic- 
tion between Yukawa theory and experimental results be removed. In the 
following, some related problems which are characteristic to our theory will 
be discussed. 

(i) One of characteristics of our theory is that the meson has spin 
4/2. This point is interesting in relation with the results of analysis on 
radiative effects of the meson which are sensitively affected by the spin 
value. According to the calculation by Christy and Kusaka™ of the sizes 
of bursts produced by mesons, our choice of spin 7/2 for the. meson a3 
supported by experiment, in contrast to the usual theory with spin 4%. 

(ii) The rdle of neutral particles in the original Yukawa theory has 
been frequently discussed. If we take the symmetrical theory on nuclear 
force and furthermore assume 77,,>2y, the neutral Yukawa particle decays 


(*) Naturally, we cannot take too small a value for y, in order that it be consistent 


with the decay probability of Yukawa particles. Eventually, it seems appropriate to take 72-~ 
10-2 Ac (or a slightly smaller value). 


(**) If we take the formalism which excludes the neutral Yukawa particle, the scattering 
of mesons takes place only by a process of the foyrth order, which results in a much smaller 
cross section than that of (VI). But, in this case, process (VI’) is not excluded. 
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by the following process: (spontaneous disintegration of neutral Yukawa 
particle) 


te) cs 
ye 4 gas m (v’) 
and its proper lifetime is of the same order as that of charged Yukawa 
particles calculated above (~10~* sec). This value is smaller than that 
obtained from the previously discussed process™, in which the neutral 
Yukawa particle (neutretto) transforms into photons. As a result, the 
Yukawa particle transforms into mesons (penetrating component) with a 
greater probability than into photons (shower producing component). This 
is very favourable in interpreting the results of experiment by Schein et 
al which denied the existence of shower producing components in upper 
atmosphere and suggested, as the possible alternatives which was at first 
suggested by Taketani®, the introduction of some process in which the 
neutral Yukawa particle transforms into the penetrating component with a 
greater probability than into shower-producing components, oF otherwise 
the elimination of neutral Yukawa particle from the formalism. 

(iii) Also, it is to be noted that as the decay product of one meson, 
three particles are generated and two of them are neutral particles which 
have smaller interaction with matter. This consequence seems to be in 
‘agreement with the fact®® that when mesons are stopped in matter, decayed 
electrons have rarely been observed, or that when mesons decay in a 
Wilson chamber, only slow electrons have been observed. Furthermore, 
the fraction of the total mesonic energy given to the electron by decay in 
this theory is smaller than that in the usual theory. This point is, too, 
supported by Nordheim’s analysis“ on the intensity of cascade showers. 
But eventually, the validity of introduction of such processes should be fully 
‘discussed in future, based on further experimental and theoretical investiga- 
tions on cosmic rays. 

Finally, the authors wish to express their appreciation to Brof..dae 
Yukawa for his continuous interest in this work, and to Y. Tanikawa and 
S. Nakamura for constant collaboration. They are also much indebted to 
M. Taketani for his valuable discussion. 
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Errata: On the Generalized Transformation Functions. 
By Y. Tanikawa. 
[Prog. Theor. Phys. 1, (1946), 12]. 


Page 13, line 9 and 10, for g=(g,, Gopete te Ort) s Gr=(Gits Gory seuss Oras 
TEAC 9, (Fis, Gop yrs - Grads i CA ae Gra) 

Page 14, line 14, for Md = M7, Mg” = Mg read Mq= Mo, (Mo)? = Mo. 

For the symbols Mg, Mg’, Mg’ which are found in this and later pages, g, 
7,q' should be refered as suffices to M although those are represented 
in relatively large scale. 

Page 16, line 3, for ¢,’s, g4’s read gs and gps. 

Page 16, line 30, for sufaee read surface. 
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